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CHAPTER I
SCOPE AND VIEWPOINT OF STUDY

~ Scope

This study deals with the rationale and techniques of measurement of
temporal changes in the "physical volume" of production and in the level of
productivity, two algebraically releted entities which lie close to the core of
economics. Though "real” national product and kindred aggregates are not of
prime interest, it has been necessary to make reference to such concepts and
measures and to the specialized literature on social accounting. Though the
discussion is generally restricted to temporal comparisons, it also applies to
some extent to analogous spatial indexes, like international production and
productivity comparisons.l In the treatment of productivity, attention is
centered on the importent practical case of output per unit of labor imput, but
due account is also teken of the theoretically interesting case of output per

unit of composite factor input.

1 _
Among the recent outstanding writings on international comparisons ares
L. Rostas, tive Productivi , British erican Indu (Cembridge,

Eng.s Cambridge University Press, 1948); E. C. Snow, "The International Com-
parison of Industrial Output", of the tistical Society, CVII
(Pt. 1, 1944), 1-30; A. J. Brown, Applied Statistics %Nw Yorks Rinehart & Co.,
1948); S. Kuznets, "National Income and Industrial Structure”, etrica,
XVII (Supplement, July 1949), 205-39; C. Gini, "La comparabilité dans le temps
ot dans 1'espace des évaluations du revemm national®, Economie sppliquée, II
(Jenuary-March, 1949), 7-25; H. Staehle, "International Comparison of Real
National Incomess A Note on Methods", Stu in ® 1th, XI (New Yorks
National Bureau of Economic Research, 1949), 223-51, with "Comments" by

A. Bergson, 252-59; and C. Clark, The Conditions of Foomomic Progress (Londons
Macmillan & Co., 1940), supplemented by various 1949 issues of his Review of

Economic Progress.
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Production and productivity time series, which have been developed
systematically in this country since the 1920's, are now used for a variety of
purposes at different levels of economic activity -- the nation, the economic
sector, the industry, the emterprise, the plant, the department, and the job.
Above the enterprise level, they are used, for example, in econometric analysis
and model-building; in the projection of related aggregates, like employment;
in the appraisal of economic comditions and prospectis; im the formulation of
govermment, business, and labor-union policies relating especially to wages,
prices, employment, and hours of work; and in the concrete historical study of
‘such abstractions as ecomomic development, growth, and progress. Within the
enterprise, individual accomplishment records have been of interest at least
since 'tho rise of scientific mansgement before World War I3 and "work measure;-
ment" programs covering key deparitmental activitles have more recently beem
introduced by alert management to meet diverse technical, administrative, and
planning needs. '

There are gsix chapters in this study. The .tvo following this
introductory one are concerned with meaning and with various technicel aspects
of measurement, and the next two deal with tpecial topics in production and
productivity measurement. More specifically, Chapters II and III take up such
matters as the definition of productiom and productivity, alternative choices
in the algebraic implementetion of ~theso notions, the relation between differemt
measures, and the ultarioi- significance of indexes in the light of economic
theory and othei- fundamental considerations. Chapter IV discusses the
properties ‘P particular gross and net production index formulas and the
techniques of adjusting for incompleteness of quantity statistics and of
meintaining chromological continuity. Chapter V exhibit. some properties of
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labor and composite-factor productivity measures and considers the partitioning
of changes 4n, say, aggregate man-hours or values added into the "contributions"
of productivity and other designated variables, Chapter VI summarizes the findings
of the study end considers the outlook for improving and extending production and
productivity measurement.
Viewpoint

On the whole, the matters with which we are here concerned have received
inadequate attention from index users and makers alike, "Practical’ men --
"operators" and administrators -- cherish the illusion that there is a unique
concept of 'production' or "productivity" which is represeated fairly by what-
ever index is available or constructible. To them, a special 4nterést in
.teé!miqm or in transoperaiional sense may soeiraa digressive as stopping to pick
datstes in the middle of a battlefield. When the typical statistician or economist
has occasion to use production or productivity indexes, he is less careful of the
distinction between *weedledum and tweedledee than when he is ’woz"lé:mg 4n his om
Gebiet. Aware of the "usual index-number problems", he proceeds as though
acknowledgment of thedr existence somehow renders them 5nconseq1iéht1;1. Liké
others who are less informed, he tends to consider the tools at his disposal
sufficiently reliable for his ulterior purposes, Thus, he uner® tically accepts
the result of deflation of a value index by a price measure as an index of
"quantity" expressed 4n "constant” dollars of the base period, even if the
product complex cannot be specified and regardless of the particular formula of
the deflator. Exaggerating the degree of conformity of differently constructed
measures, he minimizes the importance of determining the index moct»dpp_ropﬂa‘ﬁ .

to a nurpose or context.? When interpreting a productivity measure, he commonly

2 ;/gf,(,/»

A curious dualism on the matter of index-number differences is'
exhibited by writers who have had occaston to comment on both practical and
theoretical applications of formulas with dissimilar weights. When discuseing
the usual price or production measures, they emphasjze empirical consistency and
minimize or ignore the possibility of divergence. But, when they consider
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overlooks the danger that it may lie outside the range of the individual
productivity relatives. When using a partition formule, he frequently sets up
and interprets the particles incorrectly.

But index makers, too, are undiscriminating. They prefer the comforts
of convention and the ruts of familiar practice to the search for promising new
paths. Without protesting too much, they subordinate purpose and methodology to
availability of data. It is remarkable that they have been content for thirty
years to construct production indexes without establishing the sense in which
the results are to be regarded as mmerically significent., A conscious theory
is necessary if only because the indicators are not unequivocal indicators of
"physicel” output; the originsl quantities lose their pristine clarity when they
are converted through weighting to value or labor terms and when the notion of

"netress" is introduced. In the absence of any clearcut principle, it is natural

"welfare" or "cost-of-living" comparisons in the so-called "economic theory of
index numbers", they tacitly assume the divergence of the Laspeyres, Paasche,
and "true" indexea. If formulas and weights do not really matter, then the
ingenuity lavished on "economic" index theory has been wasted; if all questions
have the same answer, them it does not matter which we are asking.

Examples of dualism may be found, for example, in the works of A. C.

Pigou, J. R. Hicks, and P. A. Samuelson. Pigou, the pioneer of "economic" index
theory, cautiously states in The Veil of Money (Londons Macmillan & Co., 1949),
p. 62, that experience shows alternmative real income measures (or the price
indexes used in their derivation) to be "mot often very widely divergent" and
then goes on to says "Like the members of Lord Melbourne's Cabinet, all of them
say much the same things though in this case none of them precisely knows what
it is that he is saying!" In Incomes An Imtroduction to Ecomomicg (Londons
Macmillan & Uo., 1946), pp. 12-14, on the other hand, Pigou still seemed
perplexed by the problem of choosing among alternmatively weighted measures.
Hicks, who has also made fundamental contributions to "ecomomic" index theory,
generally minimizes 'the importance of weights in his book written with A, G. Hart

¢ e Ame (New Yorks Oxford University Press,
1945), pp. 99-200, bu‘t acknowledges that weights for "dissimilar" though close
years could yield diapmte results. Finally, Samuelson asserts in his
nds : s (Cambridges Harvard University Press, 1947)
the "indiaputablo uct that pr:lceo do generally rise and fall in about the same
proportions” (p. 145) but ferthwith proceeds to summarize "economic" index theory,
zhovixg“ t.zc)usul inequalities involving the Laspeyres and Paasche formulas
pp. 1 3)e
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t0 endow measures with economic significance simply because they are based on
mpteris economicg (especially price weights). But it may be argued, with
Hayek and Robb:lns,3 that aggregates are ecomomically meaningless. At a mininm,‘
distortions of the traditional theory of ratiomal choice are involved in the
trensoperational interpretation of output measures in terms of "volumes of
utilities” or in the allegation of a "downward bias” in such measures due to
"quality improvements”,

Fortunately, the dangers of verbal algebra, metrical simplism, pedestrian
practice, and routine interpretation are rediscovered from time to time. 1In
the past eventful decade, there have been mmerous instances in which govern-
ment, business, and labor officials who would not normelly care about technical
issues had to take cognizance of statistical crises. During the War, umsual
interest was shown in the inadequacy of national income as an indicator of the
extent of vconveraion, in the limited substitutability of ingemuity for informa-
tion in the Federal Reserve mamufactiuring indexes, in the logicel obstacles to
measurement of production and productivity changes in industries undergoing
bradical alteration in the character of their output, in the difference be:tween
accrual and delivery measures of accomplishment of aircraft plants and ship-
yards, etc. There also was widespreed interest in the various expert opinions
concerning the probable course of postwar productivity and the implied levels

3
F. A, v. Hayek, "Scientism and the Study of Societys II", Economics,

X (February, 1943), 34-63, especially pp. 39-50; L. Robbins, "Production"
: ci (Nn York, llaemillan & Co,, 19345
of | ience (2nd ed., Londons
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of unploynent." After the War, it became evident to many for the first time
that most industry productivity meesures were boobytrapped -- as comscientious
technicians had so often warned without success. Labor and management
representatives vigorously disagreed on the facts; national productivity
conferences were held in Washington in 1946 and 1948 in the hope of clearing
the atmosphere;” and, in the latter year, a Congressional Committee declared
productivity to be one of twelve areas with notable "statistical gaps" and
recommended the improvement of underlying production measures and price
deflatora.6 One of the features of tl"xe historic September 1949 fact-finding
report of the President's Steel Industry Board was a d:l_greec:lon on the quality
of the statistics submitted to it on productivity. A greater appreciation of
the need for improved real product and progluct:l,vity measures for the national
economy and for 5road economic sectors has stimulated govermment act:l.v:lti.es
along these lines under the sponsorship of the Council of Economic Advisers
and the U, S. Bureau of the Budg_et." To overcome objections to publication

4

On wartime measurement problems and postwar employment projections,

#eo, for example, the articles by E. B. George on "Gross National Product
Projections" in Dun's Review, LXIII (March, May, and June, 1945); F. R. Garfield,

"Messurement of Industrial Production since 1939", W
Statisticgl Associgtion, XXXIX (December, 1944), 439-54; and I. H. Siegel,
“The Concept of Productive Activity", jbid. (Jume, 1944), 225-28,

On the firat conreronce, aee U. S. Bureau of Labor Statistics,
P y (Bulletin No. 913,

’ ospecially 8. !’abrieant'a mlution, ppr. 1-8.

'uhi:gton, 194 :

6
U. S Cohgress, Joint Committee on the Econmbmic Report, Statisticgl
ggp_ (Washingtons U, S. Govermment Printing Office, 1948), p. 7.

1
U. S. Congress, Joint comittee on the Economic Report,
Ec of the P (Washingtons' U. 8. Govermment Printing

Offic-e, 1950 s PPe 11 .17‘



raised by interested groups aware of the practical consequences of a few
percentage points, the U, S. Bureau of the Census has been obliged to release
three differently weighted 1947 indexes, not merely one, for each manufacturing
inductry.s It is also noteworthy that almost the entire discussion at the third
national productivity conference (held in Januery, 1951) concerned technical
problems of measurement and interpretation; that all attempts to evaluate

the economic implications of newly developed output and productivity statistics
ended with a return to technical issues.

The basic idea that informs this study is the interdependence of data,
methods, and meaning. The terms "production" and "productivity", like other
general terms derived from common speech and emriched by specialized usage,
signify families of concepts in the Bridgman sense. There is a spectrum of
such concepts corresponding to the alternative sets of operations which might
be performed on appropriate data. Thus, ea'ch of the possible measures confers
a particular meaning on the gemeral term. Ideally, a measure should be selected
with reference to purpose or context,9 but practical choice is severely

8

Indexes with 1939, 1947 and combined (orth)weight; are eho

in U. 8. Bureau of the Census,
£ ct Production, 1 1951)

-1 4 processed, Washington, Jamuary 18,

9

In addition to being endowed with qualities required by the circum-
stances of measurement, indexes might also be expected to meet certain formal
tests satisfied by their constituents. For example, there are the algebraic
tests popularized by Professor Fisher and extended by C. Gini, Metron, IV

(July, 1924), 3-162, by R. Frisch, i_u_rn%_eww
sociation, XXV (December, 1930), 397-406, by I. H. Siegel, ibid., XL

%a ia

T'scember, 1945), 520-23, and by others. Commonsense invariance tests may also
be introduced, like those sucgested by G. Haberler and E. E. Hagen, "Taxes,
Govermnent Expenditures, and National Income", Studies in Inocome and Wealth,
VIII (1946), 5-6. Another type of test =-- confomity of the aggregate to the
conditions of microeconomic equilibrium -- would seem to rule out the familiar

indexes., See the following Econometricg papers, which have carried forward



limited. This limitation 4s serious because 4ndex-number aggregates do not, -
except in the trivial case of jdentity of relatives, satisfy the condition
which Bridgman calls the "absolute significance of relative magn#tudeg".lo
Furthermore, the pleasant assumption that the structure of a measure is
irrelevant may lead to the kinds of difficulties already 3llustrated, to what
Bouldi.ng calls "fallacies of aggregation".ll The minimun precautfon that 4s
indicated 4s some und§rstand:!ng of the algebrasic conditions for one measure
to be larger or smaller than an alternative,

But there is still a second kind of meaning to consider -- the trans-
operatjonal or ulterior meaning, which depends on the ratjonal model
jmplicit in the very operations of measurement. Thus, an 4ndex number suggests
a precise comparative evaluation of two aggregates from the standpoint of
& mythical "macrotype" imagined as capable of making judgments for a
(changing) group over time. Since the relevant behavior of thts ficttonal
creature is prescribed by the data, weights, and formula, ‘St is evident at
once that the model underlysng an index and the theory of chofce of rational
individuals or "microtypes" are incompatible and of a different order. A
production index cannot be explatned in terms of "volumes of utilities”, even
if we assume that utility 3s & quantity and that there are no probiems of
nterpersonal comparability 4n each of the periods, If it is agreed that
value theory can at best permit only ordinal
the pioneer inquiry of F, W, Dresch: L. R. Klesn, XIV (April, 1946), 93-108,

and October, 1946, pp. 303-12; K, May, XVII (January, 1947), 51-63; and A.
Nataf, XVIII (July, 1948), 232-44.

10
. P, W. Bridgman, Dimepsional Anglysis. (New Haven: Yale University
Press’ 1922)’ Pp. 19"200
11

K, E. Boulding, A Reconstruction of Economics (New York: Johnm %1ley

& Sons, 1950), pp. 186-88,
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comparisons, then the only way left open to rationalize the nmumerical comparisons
of the usual index is to "invent" the decision-meker implicit in the details of
the index and to judge its plausibility. If this deus ex maching is rejected,
if it cannot be regarded as a "probable impossibility"™ in the Aristotelian
sense, then we must concede the arbitrariness of numerical indexes.

In summary, there is obvious need for higher standards among index
makers and users. There should be a more general and more consistent awareness
of the mmltiplicity of memsures which have g priori pleusibility, of the relevance
of purpose and context to the choice of a measure, of the nature of the algebraic
difference between preferred and derivable or available indexes, and of the
conventions which underlie the numerical interpretation of indexes. Only
persistent attention to theory and to technique -- and to their linkage -~ can
lead to the right true emd of better solutions to practical problems. The sway
of the Baconian idola fori cammot be prevented unless there is a vigilant
interest in the nuances of meaning of “"vroduction” amd "productivity". Definjtions
are important despite the customary show of impatience with "semantics" and even
in the absence of statistical crises produced by dramatic events like labor-
mansgement disputes or the mobilization of industry for war. The detection and
study of "pathological® cases - of instances of externmality of averages and of
extreme divergence of alternatively weighted indexes -~ are worthwhile under-
takings for they emphasize the dangers which ever lurk in operations on aggregates.
Indeed, the progress of measurement requires the recognition of dissimilarity
within apparent similari | == "the obstinate insisting", in James' phrase,
"that tweedledum is not tweedledee”. Progress camnot be made when vision is
curbed by the poor best that has been done; when any authoritative, so-called
“general-purpose", or "official" index is supposed to satisfy scientific curiosity
about the course of, say, "production" or "productivity” in every connotative

senseé.
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Despite jts critical emphasis, the stated ultimate purposes of this
study are obviously constructive. In the last chapter, some recommendations
are offered for improvement of measures in the light of our results, Although
some of the positions taken here are necessarily controversial, many of the
concepts and methods employed -- some not mentioned 4n prior publications and
others little known -- should prove of 4nterest to other students of production
and productivity measurement, The notion of ®subproducts®, for example, points
the way to compilation of data permitting the construction of indexes which are
sensitive to the structure of activity (Chapters II and IV), The notion of the
"macrotype" (which reappears in Chapters II and IV) dramatizes 'Ehe value
Judgments that underlie numerical comparisons. The "free composition" Index
(Chapter IV) merits cohsﬁ.deration as an alternative to the chajn index for a
changing product universe. The plural meaning of aggregates (Chapter III)
provides the rationale of various processes jnvolving indexes: deflation
(Chapter 1II), the definition of mutually consistent index-number systems
(Chapter V), the partitioning of imput and productivity changes into "causal®
components (Chapter V), etc, Other items which should be of 5ntere§t to students
include: the distinction between measures based on end products and subproducts
(Chapters II and IV); the analysis of the difference between alternatively
weighted indexes (Chapter ITI); the statement of the algebraic relationships
beilwesn gross and net production sndexes (Chapter IV) and between "direct" and
"c);uotient" productivity indexes (Chapters IIT and IV); the demonstration that
.éoverage adjustments could lead to externality (Chapter IV); the reduction‘;f a
productivity index to a ratio of "price" indexes (Chapter V); and the demonstra-
tion that the quotient of net outpﬁt and total factor input indexes may rise
while all the "gross! productivity relatives for individual products and
factors decline (Chapter V).



CHAPTER II
ON THE MEANING OF PRODUCTION AND PRODUCTIVITY MEASURES

In this chapter, we first defime production and productivity, then note
some of the problems of single-period aggregation _aud interperiod comparison,
and finally consider some problems of interpreting indexes as strictly quantita-
tive ratios. Much of the discussion here relates to matters that would still
be important -- perhaps, even more important -- if complete data were available.
For choice would then become practicable, and makers and users of measures would
have to be more exacting than they now are; and the larger questions of meaning

could no longer be neglected.

Definitions

As we have already noted, the terms "production” and "productivity"
denote classes of concepts having a common essence. Various genera may be
distinguished -~ like gross and not production, output per unit of labor input and
output per unit of total factor input, Within each gemus, there may be lesser
categories and, finally, there are the mumerous species or concepts corresponding
to the different sets of operations that may be performed on pertinent data.
Production Concepts |

In its most general sense, production or output is the rooult]" of an

1l

To avoid ambiguity, we shall gemerally limit use of the term "production"
to the result of activity and not apply it to the process as well. Thus, the
term refers to "output", to "end products" of activity complexes and to
"subproducts" (d4scussed later 4n this chapter) of elementary activities.
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activity or complex of activities imtended to convert scarce resources (human
and property services, raw and processed utoriail, etc.) to more satisfying
states. These conversion activities include (techmological) "transformation"
and three kinds of “iranslation® -- between persons, between places, and between
time periods. They thus correspond to the “creation of utilities", of the four
varieties commonly enumerated in textbooks. They do mot include coWion,
the final registration of the latent satisfactions contained in converted resources.

Production is usually measured gross in comparison to productive |
activities or factor inmputs. That is, the contributions of past periods or of
more factors than are of particular interest in a given context (e.g., labor)
are included. Net concepts are generally preferred, but they are difficult to
approximate satisfactorily, as will be noted in more detail later.

In the typical case of social, time-consuming productive activity,
problems of principle arise in the definition and measurement of output whick
are not encountered hltho primitive case of producing for one's own consumption.
Thus, there is no universal accord on the treatment of "overhead" activities of
enterprises (e.g., advertising) and of a nation (i.e., goverment) intended to
secure the conditions for other activities which are more obviously "productive®.
Many of a nation's overhead activities (e.g., intornﬁl and external safety) may,
of course, be rationalized as satisfying more or less conscious collective wants,
but these are not of the same order as personal wants satisfied through markets.
Furthermore, the criteria for determining production at different levels of
aggregation are mot always consistent. Thus, what satisfies an individual's
wants may be frowned upon by society as "illth"; what an establishment produces
may entail offsetting cests to the community; what finally emerges from a sequence
of activities may not be equivalent from the market viewpoint to the sum of the

contributions of the several stages as judged by the factors (or their owners)
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and their employers. Finaily, the time lag between the initiation of
productive activity and the availability ;af the result (especially 'hon the
process is roundabout) introduces the dangers of disappointment of expectations,
change in the basis of valuation, etc.

The notions of production and productive activity have been elaborated .
in formal economic theory, in natiomal income literature, and im the course of
development of "physical volume" measures. For our purposes, it is sufficient
:to note here only two contributions of theorys the determination of the essence
of productive activity and the explicit recognition of both gross and net
production concepts. The definition of productive activity as the "creation of
utilities" is a commomplace going back at least to J. B. Say.2 But the words
"production™ and "productive" have long retained a material connotation in-
herited from classieal and popular usege. Marshall insisted that man "only
produces utilities", rearranging nature to satisfy needs; but, in deference to
tradition, he preferred to let slow time deal with the classical bias of
mterhlin.3 The second important contribution of theory -- the distinction

2
On the notioms of production and produstive activity provided by theory,

see zghan_mnmmmm (2nd ed., London: Macmillan &
Co., 192 III, 213-17; Rodbbins, “Production,” log, eit.; J. D. Black, Intro-

c ) (New Yorks Henmry Holt & Co., 1926); and L. M.
Fraser, W (Londons A. & C. Black, Lid., 1937),
PP. 175-97. Also of inmterest are the surveys of H. Myint, Theories of Welfare
Econamigs (Cambridge:s Harvard University Press, 1948) and K. Marx, Theorien
M 2 vols., Stuttgarts J. H. ¥, m’t’, 1905)

3
A. Marshall, (8th ed., Londons Macmillan & Co.,

Principles of Rconcmiog
1920), pp. 63-67. It is noteworthy that, as recently as 1944, the term
"production and related workers" was substituted for the term "wage earners" in
all U, 8. Federal statistical reports.
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between gross and net output -- is central to ecomomics. Referring again to
Marshall, we observe his use of the term “met product” in the modern semse of
weges plus the Ricardian net revemue, as the explicit equivalent on the national
level of "national dividend” amd "social product”.* We should aleo mote that
several important net concepts have been distinguished on the subjective plane ==
involving "surpluses” which individuals and collectivities presumably seek to
maximize.’

National income literature has enriched the theoretical motions of
production and productive activity while providing statistical series for
various gross and net aggregates and their componments. Out of vigorous dis-
cussions of measurement decisions have come important comtributions to thought
on the character of gross and net output, the nature of govermment output, the
accounting of war production, the distimction between measureés of potential
welfare and potential (physical) output, and mamy other matters.®

4
Ibid., pp. 79-81, 511, 827,

5
Ibid., pp. 829-31, 846-52; F. Y. Edgeworth, Mathematical Psychics

(Londons C. Keganm Paul & Co., 1881), pp. 56-82; Myiat, oy chap. 9; and
K. E. Boulding, "The Concept of Ecenomic Surplus®, .gﬁmy_m,
XXXV (December, 1945), 851-69. : '

6

See, for example, the various volumes by 8. Kusnets and the volumes in
the Studies in Income and Weilth series, published by the Mational Bureau of
Economic Research; C. Shoup, Primciples of Nationgl Income Analysis (Bostons
Houghton Mifflin Co., 1947); S. Kuznets, "National Incomes A New Version”,
Review of Eeonomics and Statistics, XXX (August, 1948), 151-79, and reply by
M. Gilbert, G. Jasszi, E. ¥. Denison, and C. ¥F. Sehwartsz, pp. 179-97; J. R.
Hicks, "The Valuation of the Social Income", Foomomics, VII (May, 1940), 105-
24, follow-up articles by 8. Kuzsnets in the same periodical, XV (robmry, 1948),
1-16, 6aml May, 1948, pp. 116-31, and a rojo:lndor by Hicks, August, 194
pp. 163-72,
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0f special interest to us are the cperatiomal concepts of gross
production and the approximations to net developed for the statistical study of
the "physical volume” of output of mamufacturing and of other economic sectors.!
In general, net indexes would be preferred if choices could be made, but gross
measures are often used, fgute de mieux. As for the imterpretation of the
constructed series, they have sometimes been regarded as reflecting comparative
"vyolumes of utilities"; but, according to a more persistent tradition, they have
also been characterized as approximate indicators of "deflated value added",
*"net output content”, "amount of fabrication", and as amalogues of mational
product in "constant" factor pricos.a Although there is a distinct preference

1
In recent years, physical output measures have been prepared by many

Federal agencies (Federal Reserve Board, Bureau of the Census, Bureau of Labor
Statistics, Burean of Agricultural Economics, Bureau of Mines, Works Progress
Administration, etc.) and by such private organizations as the National Bureaun
of Economis Research. These refer to practically all economic sectors
characterized by directly measurable production -- mamufacturing, mining,
agricultare, electric and gas utilities, and tramsportation. Measures of out-
put have been developed by U. 8. Bureau of Foreign and Domestic Commerce and by
the National Bureau for other economic sectors by means of deflation,

The terms "gross® and "net" are relative and, therefore, are not always
used in an unambiguous mammer. Thus, a measure that is net from one standpoint
may still be gross from another. An estimate of indusiry output based on the
end products of establishments may be net in the sense that duplication in the
form of imter-establisiment transactions has been eliminated. On the othsr
hand, the measure may still be gross in the sense that the end products have
not been adjusted to exclude the contribution made to their value in the same
oestablisiments in prior periods and the contribution of other industries,

8

For commenis on operational concepts of production, see, for example,
A. F. Burns, on Tre Unit ince 1870 (New Yorks
National Bureau of Economic Research, 1934) and "The Measurement of the
Physical Volume of Production", Quarterly Journgl of Economics, XLIV (February,
1930), 242-62; E. E. Lewis, "Some Basic Problems in Index-Number Theory", in

c in Ho: £ Wesley Clair Mitchell (New Yorks Columbia University

Press, 1935), pp. 276-92; B. Frickey, "Some Aspects of the Problem of Measuring
Historical Changes in the Physical Volume of Production", in Explorations in
Economics (New Yorks MoGraw-Hill Book Co., 1936), pp. 477-86; P. G. Hudson,
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for pecuniary weights, there is also a growing recognition of the usefulness of
other weights for "special-purpose" measures -=- e.g., labor weights for output
indexes used in productivity computations.9

Since output indexes are not unequivocally "physical", doubts concerning
their numerical absolutepess as well as their economic significance are to be
expected. It may be recalled that Keynes, in his General Theory, rejected the
notion of a "volume"” of net output as too vague for his "causal analysis" --

and then proceeded to vse a wage-weighted employment measure which hardly seems

more precise and is subject to the theoretical limitations of other aggregates.lo

Pigou is likewise skeptical, noting that real income and other indexes rest on

"extremely shaky foundations". Indeed, "once we abandon the sure ground of

"The Technical Problems and Limitations to the Construction of Indexes of
Physical Production", Journal of the American Statistical Association, XXXIV
(June, 1939), 239-51; W. Thomas and M. R. Conklin, "Measurement of Production",
Federal Reserve Bulletin, XXVI (September, 1940), 912-23; S. Fabricant, The
Output of Manufacturing Industries, 1899-1 (New Yorks National Bureau of
Economic Research, 1940), especially chap. 2 and p. 80, and "Problems in the
lMeasurement of the Physical Volume of Output", Journal of the American Statistical
Association, XXXIII (September, 1938), 564-70; H. Barger and H. Landsberg,
erican Agriculture, 1899-1 (New Yorks Netional Bureau of Economic Research,
1942), pp. 12-14, 325-26; C. F. Carter, W. B. Reddaway, and R. Stone, The
Measurement of Production Movements (Cambridge, Eng.s Cambridge University
Press, 1948}, chap. 1; United Nations Statistical Office, Index Numbers of
Industrial Production (Studies in Methods No. 1, New York, 195055 end U, S.

Bureau of the Census, The U, S. Census Index of the Physical Volume of Manufactur-
ing Production, 1939-1947, cited earlier,

9
See H, Magdoff, I. H., Siegel, and M, B, Davis, Production, Fmployment,

and Productivity in 59 Manufacturing Industries, 1212-33 (Report No. S-1,
W. P. A, National Research Projects Philadelphia, 1939), I, chaps. 1, 2; and

U. S. Bureau of Labor Statistics, Productivity eand Unit Labor Cost in
Selected Manufacturing Industriess 1919-1940 !processed, Weshington, February,

1942),

10
J. M. Keynes, General Theory of Baployment, Interest, and lione (New

Yorks Harcourt, Brace & Co., 1936), chap. 4.
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phys:lcal fact we are likely to find onraelv;a Juggling with symbols in an
extremely foggy atmosphere", to become involved in difficulties which do not
comprise "a fit subject for elementary lectures" A Finally, we may cite A.' F.
Burns' warning, which could well serve as the epigraph to a study like the
present ones "Strict logic is a stern master, and if one respected it, one would
never construct or use any production index" .:l'2
Productivity Concepts

Productivity is the ratio between the output and the input associated
with given productive activities, both measured in "reel" terms. We say
"nssociated with" rather than "corresponding to" since, as has already beem ob-
served, output is commonly measured gross while inmput is genmerally measured
incompletely. If the two aggregates corresponded exactly to the same activities,
they might not only be expressed in the same common denmominator but also be made
numerically equal for one of the periocds of a time series. In the fifth
chapter, we shall discuss indexes incorporeting this identity. Meanwhile, we
must note that such indexes are not tautologicel and stationa.ry.n,

Our usage of the term "productivity" is not univeréal and is still un~
common in economic literaturo.u' There is no entry for the term in the

11

Income, pp. 14-15.

12 .
Production Tremds, p. 262.

13
The assertion by I. M. D, Little, "The Valuation of the Social Income",

Ecomomicg, XVI (February, 1949), 20, that productivity has meaning with respect
t0 one resource imput but not all combined is not correct if it is intended to
apply to indexes.

14
Although the term has generally been used in our sense in Natidonal -

Bureau of Economic Research studies (even in book titles), it is restricted in
a 1947 study by G. J. Stigler, Trends im Quiput spd Employment, pp. 42-43, to
what we later call the "intrinsic efficiency of labor".



18

kncycliopedia of the Social Sciences, and only one reference 4n our sense 4s |
l1sted *r the index of ;i Swrvey of Contesporary Feopomics. Our productivity
ratio for a single factor and single perfod resembles the "average productivity®
(not. margénal) 4n the static law of variable proporticns and the recivrocal of
a alras-Pereto "coefficient of fabrication", If the factor *s labor, our ratioc
through tme resembles the Produktivitget of Marx and Sombart, The Ricardtan
distinction between "riches" and "value" may also be exrressed in the form of a

15

productivity ratio, I'arshall's description of ™ncreasing returns" corresponds

to a productivity measure 4n which the denominator refers to "efforts and sacri-
f4ces", The "productivity" 4ndex whtch Hicks and other naticnal 4ncome students
distinguish from a "welfare" index 4s formally ltke a productivity 4ndicator 4n
our gense since 41t oompares' outputs obtatnable from “constant" rescurces 4n
situaticns charactersized by different productive ‘bec!m-‘.ques.lé Of course ,' 1t 4s
possihle to argue that a change 4n tecbniques #mplies a change in resources.
Though the typical product4vity time sertes does not imcly a functional
relationship between output and input, mathematscal "production functions® have
sometimes been fitted, and these permit the derf'vatﬂoh of marginal as well as
average productivities for each specified 4nput., Examples of such functions are
the applications of the Cobb-Douglas formula to labor and capital through time;

R, Stone's regression equations connecting S, Fabricant's output and employment

15
ltarshall (Principles, pp. 813-14) preferred to think that Ricardo was
attempting to d4sttnguish between total utility and marginal utility., See
G. J, Stigler, "The Development of Util4ty Theory, I", Journal of Political
Economy, LVIII (August, 1950), 311-12,

16
See Eoonomicg articles by Kusnets and Hicks cited in footnote 6; A, C,

Pigou, "Comparisons of Real Yncome", Ecomomica, X (May, 1943) s> 93-98; and T,
Barna, "Note on the Productivity of lebor: Its Concept and Measurement",

t tyte tistics, VIIT (July, 1946), 206. Although
Kuznets notes that Hicks assumes constant resources for the indivsdual producer
Economich, May, 1948, pp. 117-18), he later asserts (p. 122) that Hicks'
"productdvity" 4ndex refers to "total productivity” rather than "yield per unit
of resources in the usual sense of the term".
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series for all menufacturing; and National Resources Comittoe's somewhat similer

equations for various industries,l’

The measurement of productivity requires a notion of "real" cost which
has significance apart ffom the corresponding returm or output. Marshall, Edge-
worth, J. B. Clark, and their classical predecessors were interested in measures
reflecting "efforts and sacrifices" or "disutilities" ,18 but such notions are now
unfashionasble, Thus, before Occem's razor was applied to utility iteelf, cost
was eliminated as an independent entity, for "cost in the last analysis is

derived from utili_.ty".19 A similar view has led some national income studente to

deny the validity of a concept like "national cost" analogous to national output.zo

But it ought to be clear, once we leave the diecﬁuion of exchange-value determina-~
tion for e single period (a major preoccupation of modern economics) and proceed
to a discussion of economic development, growth, or progress, that resources |

must be given a stetus independent of outpute In the study of change through

17
See P, H, Dougles, "Are There Laws of Production?", Americen Economic
Review, XXXVIII (March, 1948), .1-41; R. Stone, "Employment in U, S. Manufacturing”,
Economic Journal, LIV (July-September, 1944), 244-52; and National Resources
Committee, Patterps of Resource Use (Washingtons U. 8. Govermment Printing Office,

1938).

18
Marshall, op, cit., pp. 171-72, 3393 F. Y. Edgeworth, Papers Relating
to Political Economy (Londons Macmillan & Co., 1925), I, 292-94; and J. B. Clark,
The Distribution of Weelth (New Yorks Macmillan & Co., 1899), chap. 24.
G. T. Jones' measures of real cost in Incressing Returns (Cambridge, Eng.s
Cembridge University Press, 1933) were conceived in the Marshallian tradition.

19 ,
H. D. Henderson, Supply gpnd Demand (Cambridges Nisbet & Co., 1920),

p. 165, See, also, Kuznets, Ecovomicg, May, 1948, p. 123.

iels]
See G. Haberler and E. E. Eagen, loc, cit., p. 17; M. A. Copelend and
E. M, Martin, "The Correction of Wealth and Income Estimates for Price Changes",
Studies_in Ipncome Wealth, II (1938), 103-05, sdditional remarks on pp. 131-35,
and comments by M, Friedman, pp. 125-27; and C. S. Shoup, op. cit., P. S.
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time, the distinction between what factors "do" and what they in some sense
"are" is appropriate and necessary. Here, as in macroeconomic analysis, limita-
tion to the categories of static price theory could only frustrate inquiry.
So=-called "labor productivity" indexes are of special practical im-
portance. They were apparently introduced by the U. S. Bureau of labor

21 They became hetter known during the 1930's, when

Statistics in the 1920's.
"technological unemployment” was a popular subject of inquiry. During World War
II == a period of labor stringency, other shorteges, and controls ~-- the
significance of such measures became even more evident. Since the War, interest
in higher labor productivity and its measurement has been manifested in

virtually all countries -- those which are "underdeveloped”, those living under
"planning®, those experiencing, "dollar shortages", and a United States more

aware of its iorld position. Labor productivity measures are now so widely used
for so many purposes that the qualifying adjective is usually understood when it
is omitted.

To many, labor productivity indexes are less desirable than measures of
output per unit of total imput, but conceptual as well as measurement difficulties
stand in the way of development of the latter. Not only are there obstacles to
the quantification of capitel and entrepreneurial services, but there also is no
unanimity as to the meaning of "_f.o.ctor cost" or "factor of .product:lon".22

21
Simple time comparisons of productivity are, of course, much older.

See, for example, E. Atkinson, The Distribution of Products (New Yorks G. P,
Putnem's Soms, 188%5), pp. 119-20; and reports prepared by C. D. Wright while
first Commissioner of Labor, (Washingtons U. 8. Govern-

ment Printing Office, 1886), pp. 50-90, and W (2 vols.,
Washingtons U, 8. Govermnent Printing Office, 1899).

22
See 5. Kuznete, Economicg, May, 1948, p. 123, ana Hicks' reply, August,
1948, pp. 167-70; Kuznets, £ Economi tigtics, August, 1948,
pp. 157-60, and reply by M. Gilbert et al., pp. 189-93. E. Rolph, "The Concept

of Transfers in National Income Estimates", W&M
LXI1 (kay, 1948), pp. 327-62, would count all interest, dividends, and taxes

as transfers.
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Furthermore, there is doubt comcerning the relevent aspect of input --
“assembled” or "actual“, the "supply” or the “use" 23 of course, both are
relevant; the former, corresponding to a fixed parameter in the short runm, is
a precondition-of productive activity, while the latter is the effective
mhblo.zl’ There is also some confusion between technically relevent production
factors, vhether remunerated or "free", and the traditional income sources,
which Professer Fraser would rather call "factors of distribution",?’

Labor prodnctivity indexes do not reveal changes in the inmtrinmsic \l

efficiency of labor but, rather, the changing effectiveness with which labor 13{5

utilised in conjunction with other factors. They do not reflect the specifiec

contribution of labor to output, since they are not measures of marginal
productivity. They do not signify that labor alone is responsible for the
recorded gains in output per worker or per man-hour. A review of the
literature indicetes that these points are not so commonly misunderstood as the
repeated n.rniﬁgn would suggest. Even the earlier writings made it clear that

23
S8ee H. S. Davis, The 1 f Economic Progress (Phila-

delphias University of Pemmsylvenie Press, 1947), pp. 23-25.

24
W. H. Nicholls, roductivity Functions in Meat Packi
(Chicagos University of Chicago Press, 19:3;, pp. 51-52, properly distinguishes
three dimensions of labor and of cepital -- mmber of units, duration of use,
and intensity of use -- in the formulation of short-run production functions.

25
Fraser, op. cit., pp. 209-12, 326-27. The distinction between

"engineering' and "classical” production functions will emerge more cleerly as
interest in the former increases. See Econometrica, XVIII (July, 1950), 305-09.
In their study of the "Relation of Agricultural Production to Inputs", Review
of Ecomomics and Statistics, XXX (May, 1948), 117-26, G. T. Barton and M. R.
Cooper include virtually every expense of production as en input, even taxes,
but they ignore the "free" technical factors, sunshine and rain.
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workers' efforts are not the sole source of rising produn:st:tvity.";26 Indeed,
Marx himself regarded productivity as "dependent on the degree of development
in the conditions of production®; and he also distinguished it from intensity
of labor effort in explaining "surplus valus®.?’ Similarly, the better known
proposals for linking uge's to observed or anticipated productivity rises --
1ike the AFL's "social wage" demand of the 1920's, the "annual fmprovement
factor" incorporated in some recent wage agreements, and the wage-price poliey
favored by the Couneil of Economic Advisers and "Keynesians® -- do not derive
from any vulgar theory of imputation but, rather, from “ethical® considerations
or from the belief that underconsumption tendencies even threaten economic
stability.

It is insufficiently appreciated t!nt. labor productivity indexes
covering long time periods and broad sectors of the economy are peculiarly
appropriate for a society in which man is, in Marshall's words, both "the end
and an agent of production®., In such a society, current human labor should be
rendered "scarce" in comparison to other inputs and to output., The goal should
be the simultaneous and steady, in the trend sense, increase in real output and
(voluntary) letsure (1.e., in "ecomomic welfare®); or, since work is the
complement of leisure, the continuous increase in output relative io current

26
See, for example, "Productivity of labor in the Cement, Leather,
Flour, and Sugar-Refining ‘hdustries, 1914-1925", Monthly Igbor Review, XXIII
(%tohr’ 1926)’ 19. U. 8. m ot I‘w Shtiﬂticl, d
=1926 (Bullettn No. 439, Washingtom: U, 8, Government Peistine

i0e, s Po 527; smd L. Wolman, "Labor®,
m_m (‘.' York: MoGraw-Hill Book mo’ 1929 s 11, "‘7’ 6l1-62,
v
K, Marx, (Chicago:

Charles H, Kerr & Co., 1909), p. 569, .
York: National Bureau of Bconomic Researsh, 1943), p. 153, first curiously ,
states that measures of output per man-hour are consistent with the labor theory
of value and then curiously suggests that such measures should take account of
stored-up labor to be "meaningful® within the framework of the labor theory.
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labor expenditure (4.e., the continuous increase 4n productivity.?'s In such a
society, the use of a labor pumeraire or accounting unit for all factor inputs
also seems appropriate for the study of long-term progress. Thus, the goal of
reducing current labor expenditure for a given volume of output might well
be extended to the minimization of the cumulated total labor cost to "“generalised"
man, The composite labor sum would still make some sense even if the original
labor-squivalent of the incorporated or used-up resources were not converted
to current labor of a uniform grade.

Classification and Aggregation

Having considered the oonventional intension of the terms "production®
and "productivity", we now proceed to problsms of quantification and to problems
of interpretation of the derived measures. For oonvenience, we shall restrict
our discussion to indexes based on weighted aggregates. In practice, such
indexes are most commonly sought or used. They include the classic Laspeyres
and Paasche measures, which are ratios of weighted aggregates and are also
equivalent to weighted arithmetic or harmonic means of relatives; the Edgeworth
and Fisher "ideal" neudroa, which are averages of the laspeyres and Paasche
formulas; and the ratios of reduced aggregates, such as are often preferred for
the measurement of changes in net production, Ths most important of the omitted
formulas are geometric means of relatives, which are now infrequently used .29 In
this section, we deal with the construction and interpretation of aggregates. In
the third and final section of this chapter, we taks up the problems of time
comparison,

28

Of course, current labor productiviiy can be raised steadily only if
adequate provision is made in curremt output for ths replacement and expansion
of capital -~ only 4f labor 4s rendered "scarce® with respect to capital.

For a discussion of the relation between geomecric means of relatives
and aggregative indexes, see I. H. Siegel, "Index-Number Differences: Geometric

Means®, IXVIT (June, 1942),
271-%4.
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Aggregation within a period involves: the establishment of "internal®
comparability, or the grouping of items being measured into classes regarded as
homogensous; and the establishment of "external® comparability of the recognised
classes. The classes refer to products, to factor inputs, or to the materials,
fuel, etc., which have to be eliminated in the derivation of the redusced aggre-
gates entering into certain met output indexes. The items included im each
class are presumably fungible. (Thus, if pulp production is being measured, the
*homogeneous® classes groundwood, bleached sulphite, bleached sulphate, etec.,
may be established. Within each class, every ton 18 regarded as interchangeable
with every other.) When productivity -- or, rather, its reciprocal -- is being
measured for a growp of products, each class may be considered to have only one
momber, the average ratio corresponding to the total class output. (Tlms, an
average unit labor requirement -- man-hours per ton -- will correspond to the
entire output of groundwood in tons,)

Following Bridgnan, we designate as "primary™ the characteristic wnit
in terms of which all class members are interchangeable (e.g., all tons of
groundwood are equivalent). Through *weighting® (e.g., by price per ton) , the
various "primary" quantities (1.e., total tons of growndwood, total tons of
bleached sulphite, etec.) are converted to a common denominator (i.e., dollars
of a given period). We may designate the sum of the weighted outputs as a
"weighted aggregate®, or as a "secondary" quantity. A> we shall see 4n the
next chapter, secondary quantities are multiples of specific complex secondary
units -- a fact of importance for the interpretation of aggregates and indexes.
Clasaification and Units

Ideally, the principle of indifference according to which class members
are considered equivalent should be determined with reference to the purpose of
measurement. In the treatment of output, the selection of classes and units
might be approached from either of two general viewpoints. First, the production
measure might be intended to reflect the viewpoint of the market -~ of the
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supplier or the industrial or final consumer -- 4n whici case attention should
be directed to end products of an activity complex (e.g., of an establishment
or industry) expressed in units relsvant to sﬁpply, demand, or eventual con-
sumption. The resulting measure, usually incorporating price weights, is a
familiar type of gross production index. It may give a distorted picture of
productivity change since it merely reflects the volume of goods completed
during each period -- not the work done, the contribution specifically made to
the emerging end products or to goods still 4n process. The second approach
reflects more faithfully the structure of productive activity. For ascertain-
ing the volume of activity in output terms, classification should ideally be
based on “subproducts® of the vertical stages through which each end product
passes; and each subproduct should be measured in a characteristic mit.30  The
resulting aggregative index would give a much better picture of productivity
change than any output measure based on end products. It would also take
proper account of changes in the degree of process integration, in the extent
of subcontracting, and in departmental rates of operation; and it would permit
conception of a hierarchy of consistent productivity measures covering the
different levels of aggregation, from the worker uwp through the plant to the
entire economy.

Of course, the subproduct approach is maialy of theoretical interest,
since it requires more detailed and more voluminous data than are available.
Hence, the approximations to net output measures which are usually discussed
or attempted start with data for end products. One of these approximations is

30
On the notion of "subproducts®, see I. H. Siegel, Journal of the
OXIX (June, 1944), 219-25, and references to
H, 8, Jevons and S, Carlson. GSee, also, E. Rolph, "The Discounted Varginal
Productivity®, XLVII (August, 1939), 542-56. The

distinction made by Shoup, op, cit., Pp. 146-47, between "capitalised® and
"expensed® outlays is also relevant: . ’ ? » '
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based on weighted aggregates for emd products reduced by weighted aggregates
for consumed materials, fuel, ctc.3l A second alternative is based on end-
product output (genermlly in the form of a price-weighted index) aggregated
by means of "net® or pertial weights referring, say, only to the man-hours or
value added in the particular activities of interest. A third possibility,
often considered appropriate for the measurement of the unduplicated output of
the entire economy or broad economic sectors, involves the combination with
full price weights of "finished" products only, those which do not reenter the
prod_nctive proceu.32 In the case of a single industry of. simple structure,
the establisiments of which do not supply each other with any materials, this
measure is the same as the gross production index mentioned in the preceding
parsgraph. It should be noted that these three alternatives need not resemble
closely the preferred net index based on subproducts, which involves both an
incrementel product classification and incremental weighis. Furthermore, gaps
in the available data prevent their computation, except in a few cases. Thus,
manufacturing industry indexes can usually be combined by means of labor or
value-added weights, but joint costs in multiproduct establishments generally
preclude the unambiguous determination of analogous weights for the individual
products of an industry.33 The extent of intra-industry output duplication
31

Fabricant, gp. cit., pp. 25-26; and R. C. Geary, "The Crncept of
Net Volume of Output with 8pecial Reference to Irish Data", Journal of the
Roval Statigtical Society, CVII (Pts. 3-4, 1944), 251-61, especially p. 256.
200 ¥. . Shaw, Yalue of Commodity Qutput since 1869 (New York:
National Bureau of Economic Research, 1947).

33
On the arbitrariness of allocations of joint and general costs, see

Cogt Behgvior and Price Policy, pp. 268-69.
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and the magnitude of an industry's consumption of materials, fuel, etc. in
"constent" prices are rarely known, 34

There are instances in which significant end-product classes expressed
in acceptable physical units cannot be esteblished. For example, if the end
products of an industry are extremely heterogemeous, the mmber of matural
classes may be umanageable; and, if the output is regrouped into a esmall
number of classes, these new classes may not retain their significance through
time, In other words, the qualitative change in the "same" class may seem as
important as the change in magnitude. In the case of extreme heterogeneity,
the device of "deflation" by a price index cannot yield indirectly a result
more satisfactory than is achievable directly. If a suitable product complex
cannot be specified at the outset, then the nebnlons'conplu implicit in the
derived aggregates can hardly be more suitable. Of course, the deflated result
has some meaning, but not the one ascribed to it. A second device -~ the
substitution of a single proxy series, like consumption of a mejor material
or a crude shipment total =~ also fails to meet the real difficulty. A third
device =~ classification by subproducts rather than end products -- may some-
times prove successful since greater uniformity could result when the
productive process is broken down into a sequence of activities. For example,
the functionally similar components of two buildings of different size may be
aggregated with fewer misgivings than the buiidings themselves, especially if
the functional components are physically similar and hemce differ only in

quantity.

34
Since the aggregate value of output as reported by establishments
exceeds considerably (perhaps, by 50 percent) the value of “finished" output
of the mamfacturing sector regarded as a unit, the value of products is no

longer shown for industry combinations in the W.
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When the end product is a "service", a protean combination of elementary
activities, the only practicable output unit may be characteristic of input --
6.8y man~years or man-hours. Such a unit would, of course, imply that
productivity changes in the actual operations performed are of mo interest to
the purchaser, that the latter merely "wante what he wants when he wants it",
But, if there is interest in the technical effectiveness with which the service
is performed, then the service must be redefined in terms of standardized
component activities. Thus, the citizenry may be content to pay the militia,
policemen, firemen, govermment clerks, postmen, etc. for man-years of “service",
but persomnel and budget officers must be concerned with the specific sub-
product output of these forces if ecomomy is to be achieved.

Special difficulties arise in time comparisons. As will be noted
again later in this chapter, the changes occurring in a progressive society -~
in tastes, techmology, etc. -- tend to corrode any product classification and
may require the reopening of questions which had apparently been settled
satisfactorily. Devices intended to maintain statistical continuity often
impair continuity of sense. Thus, it is often possible to establish a gross
classification which is applicable to the whole time span of interest but
which also obscures relevant changes in output composition. It is also difficult
to rationalize the results obtained through formel corrections for changes in
completeness of reportage of physical quantities and in the assortment of
products included in an index. These intended corrections (value adjustment,
chaining, etc.) are discussed in Chapter IV.

Agencies which compile and publish production data, like the U, S.
Bureau of the Census, follow a variety of criteria in classification, paying
particular attention to the conflicting needs of mainteining statistical
continuity and of revealing important chahges within industries. They also
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balance the various needs for data and give due consideration to the 'realit:les
of accounting and their own budget. In the Census of Manufactures, data are
usually compiled for relatively broad categories. Though the schedules for
1947 were more detailed than earlier omes, only 6500 "products" were specified;
the published quantity figures refer to 6100. In gemeral, the recognized
classes relate to end products of esteblishments; sometimes, they also inoludo
items destined for consumption in the same establishment or others of the same
industry. The breadth of classification often obscures quality changes of
interest. There is also a time lag in the explicit identification of new
products. Many items are reported, not in' quantity terms, but by value; and
shipments have often been reported by manufacturers (indeed, shipments were
specifically requested in 1929 and 1947) instead of production. The Census
Bureau indexes of mamfacturing output for 1939-47, though based on more
product series than were ever used before, were derived from Quntiﬁ data
accounting for only 57 percent of the totel value of products in 1947; and the
industries for which physical data were used comprised only two-thirds of the
total value added,35

It is even more difficult to devise suitable classes and select
‘uppropr:l.ate units for the measurememt of factor input than output. As has
already been suggested, a distinction ought to be made between the input
categories and units relevent to a study of welfare or income distribution and
the categories and units relevant to a study of the technical relation between
output and input, 'It has also been noted that serious obstacles impede the

35
S8ee U, 8. Bureau of the Census, op, cit., and the "General Explanations"

in any volume of the W (Washingtons U, 8. Goverment
Printing Office, 1950). On criteria apparently used in product classification,
see Magdoff, Siegel, and Davis, gop, cit., I, 29-35.
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development of comprehensive measures corresponding either to a given set of
activities (e.g., an industry) or to a given complex of end products. In
general, only labor imput is reported for a given set of activities; and the
recognized chsaoQ are broad (e.g., all factory workers combined or all office
employees), while the unit refers at best to duration (e.g., man-hours).
Greater refinement in the labor classification, like distinction of skills,
would permit construction of a greater variety of measures; other units, like
"constant” dollars and energy, would also be of interest.

Special difficulties arise in the measurement of factor inmputs like
entreprencurial and capital services. ‘lfhero is no characteristic unit for the
former; and the latter is measurable, in the absence of serious technical change,
in terms of the duration of use of homogeneous equirment classes, but the mmber
of identified classes would be n.mw.!b,geable.'36 Deflation, as we noted earlier,
cannot overcome the basic difficulty though it provides the appearance of a
aolnt:lon.37 It was also noted earlier that the measurement of non-labor factor

inputs in labor units would be tolerable for the study of progréu.-“'8 This view,

Copeland and Martin, loc, g;t., snggoat the cruder measure of tota.l
phnt-hour.o Jo U. Gould, _and ['Q ' g
Utilitiess 18 (New Yorks National Bureau of Iccmmie Research, 194 ’
pp. 61-69, uses kilmttu as a measure of electric gemerating capacity, so that
his capital productivity index showssomething like the change in capacity
utilization. He devised no measure of capital available or caspital service in
units "independent" of output.

37
A crude meagsure of deflated book capital, of a type rejected by Gould

for utilities, is used by G. J. Stigler, op. cit., pp. 50-53, in his interesting
attempt to measure changes in capital productivity a.nd output per unit of
composite factor input in manufacturing.

” .
See F. C. Mills, "Industrial Productivity and Prices", Jou

Journal of the
e tistical ciation, XXXII (June, 1937), 258-59, and K. E. Boulding,
The Economics of Peace zNw Yorks Prenmtice-Hall, 1945), pp. 76-11. Boulding,
incidentally, would like to measure "want satisfactions" per man-hour but
settles for the output of goods and services as his mmerator.
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of course, is unlike that of Dobb and other socialist econmomists who regard

the "failure" of the subjective theory of value to provide a basis for the
quantitative expression of capital as a decisive point in favor of the labor
theory of va.luo.'39 We do not assert the relevance of a measure of a factor's
"quiddity" to the determination of exchange value, so we ought to escape
Hayek's censure of "scientim"‘w -= even though we do assert the significance
of "real" cost for historical studies and the special significance in this
connection of the labor numeraire. |
Aggregates and Their Meaning

Money and labor are the only more or less usable units for aggregating
either output or input. Psychological units == utility for output and negative
utility (disutility) for imput =~ are ruled out as non-operational, but we
shall have more to say about these later. The pecuniary denominator -~ e.g.,
"constant” dollars of a "base" period -- is generally preferred to, and is
easier to employ than, the labor denominator.4l Gross products (vhich include
materials, etc.) may readily be summed in curremt prices, but conversion of such
output to a current labor equivalent would be a real feat. The same is true of

39
M. Dobb, "On Some Tendencies in Modern Economic Theory", in Philosophy

_L_m (N" Yorks Macmillan & Co., 19‘9)’ Pe 3960

40
Hayek, hc‘ gi!o, PPe 40-41.

41
See Davis, op, cit., pp. 20-21, and Copt Behavior and Price Policy,
Ppe 154, Two ambitious attempts were made by W. P. A. National Research Project
inveotigators to mnsuro :I.nput 1n hbor unitu R. K. Adsmson and M. E. West,

)d Indeptrie Sugar (Report No. N-1,
193 and M. lo '..t,

38). N .
Brick and Tile (Report No. N-2, 1939).
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factor inputs other than lahor. But the problem of expressing all output or
insut in "constant" price or lebor units of a particuler period ==- a necessary
vrelude to temporal comparison -=- cannot be solved satisfactorily if the
different products or factors cannot be measured in appropriate primary units
in the first place. Finally, we note that there is no difficulty in principle
in aggregating output by means of partial or "net" weights referring either to
"direct" money or "direct" labor cost.4? Such weights do not involve arbitrary
allocations of joint or overhead costs.

The significance of index numbers depends on the significance ascribed
40 azgregates. From the various discussions in the literature,iét emerges that
pecuniary output and input aggregates have no exact welfare content; that,
only under highly restrictive assumptions, can they indicate which of two
combinations of output or input is preferred by a collectivity or by its
"renresentative" consumer or producer.43 The quantitative interpretation of
aggregates and indexes is incompatible with the accepted theory of economic
value, since the rules of measurement do not correspond to the rules of econonic
substitution. Price or labor weights cannot be wrenched out of their original

42

Insofar as possible, "direct" labor weights were used in combining
industry products and industry indexes in lagdoff, Siegel, and Davis, gp. cit.,
and V. E, Spencer, Production, Employment, and Productivity:in the Mineral
Extractive Industriess 1880-1938 EReport No. S-2, W. P. A. National Research
Projects Philadelphia, 1940). The same practice is followed by U. S. Burcau of
Labor Statistics.

43
In addition to the cited works of Robbins, Hicks, Pigou, Kuznets,
Little, and Samuelson, see R. G. D. Allen, "The Economic Theory of Index
Numbers", Economica, XVI (August, 1949), 197-203, and 0. Lange, "Foundations
of Welfare Econoimics", Zconometricg, X (July-October, 1942), 215-28. Of
general interest is the penetrating study by K. J. Arrow, Social Choice and
Individual Values (New Yorks John Wiley & Sons, 1951).
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"equilibrium" context and associated with the outpu* or input quantities of other
periods without loss of their original meaning. The indifference map of the
"representative" consumer and the product substitution map of the "representative"
producer cannot be composed of parallel hyperplanes. Marginal rates of
substitution would cease to play the role now attributed to them if they really
were constant from point to point and from plana to plane. The validity of such
meps through time -- together with the fact that the weights have absolute as well
as relative constaﬁcy -- would, indeed, mean the replacement of "alternativs"
cost theory by a "real" cost theory. But such maps are not valid =- they do not
represent the behavior of any but a mythical creature -- so the implied theory
is really one of "conventional" or "arbitrary" cost. Two other facts ought to
be noted here., First, there is no unique weighting system inherently superior
to all others, so there is no unique measure of output or inmput change. Second,
the behavior.implied in a measure of quantity change is inconsistent with the
behavior implicit in the correlative measure of change in the weighting concept -~
i.04y in price or in the unit labor requirement =-- so the two measures cannot be
interpreted with reference to one map even in the best of circumstanoesij

Although outpﬁt indexes with pecuniary weights are sometimes said to
reflect changes in the "volume of utilities" created, aggresate§ do not represent
unique Benthamite sums. Even if utility and disutility were quantities, were
measurable on the same scale for each individual, and were convertible between
individuals according to known functions, pecuniary output and input aggregates
would still imply numerous subjective totals according to the inter-
personal distribution of the output and input. This would still be the case
if all individuals had the same subjective functions but the interpersonal
distribution of benefits and sacrifices were unequal, since marginal utility

and marginal disutility are not constants. Apparent definiteness is given to



34
aggregates, at least for a single period, by the transfer of attention away from
the individual to "society", a "collective personage"; the identification of
equilibrium prices with "social" utility and disutility; and the subatitution
of the notions of "effective" utility and disutility, computed at the margin,
for the true utility totals, which are integrals of marginal utility and dis-
utility. Tt wes in this memner that J. B. Clark sought to comnect market and
subjective aggregatea.44 But the solution is unsatisfactory. The two
"effective" totals are equal, yet the true integrals must be unequal. Indeed, if
"gsociety" is rational and endowed with foresight, total utility must exceed total
disutility; otherwise, economic activity would not be undertaken in the first
place., Clark's Procrustean maneuver amounts to a serious redefinition of the
subjective concepts underlying individual behavior. Depersonalization of these
concepts deprives them of economic significance, at least to the extent that
individuals rather than society make economic decisioﬁs. To consider utility
with Clark as the quality of inducing "social labor" or with Fraser as the
"quality of inducing purchase"45 is to pour new wine into 0ld bottles without
changing labels. In any case, Clark's approach does not suggest the interperiod
comparability of subjective totals; and it is even less satisfactory when the
discussion is extended to net output aggregates and when output includes goods
destined for gradual and intermediate consumption.

The view that pecuniary aggregates have or ought to have more than a
vague welfare content inevitably persists. Thus, when a Department of Commerce
spokesman claimed merely that the revised gross national product statistics

44

Op. _cit., chap. 24.

45
Fraser, op, cit., p. 89
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revealed the "structure of the social ‘accounts", it was countered that the measures

A6

also have welfare significance. lore recently, Samuelson suggested that money

eggregates not be compared in ratio form since economists who knew better ecould

not resist the temptation to ascribe cardinal significance to the indexes.”

Kuznets would like to identify the Hicksian cost-weighted "productivity" and
price-weighted "welfare" measures by suitably redefining factor cosr!'..48 Though
Semuelson rejects Xugnets' monism, he does state (and Hicks would agree) that
measures of "production possibilities" have no normative significance in them=-
selves but find justification in their illumination of "utility possibilities".
The inclusion of such "waste" as war output in measures of national product is |
rationalized in the same manner.49 Finally, we note the occasional suggestion
(e.g., by Pigou and E. R. Walker) that different price weights ought to be used
in physical output and real income measures so that they would more effectively

reflect satisfactions. 50

Time Comparisons
The character of an index is necessarily determined by the choice of

classes, units, and weights; and by the techniques employed to make up for gaps

L6
See remarks by J. Rothenberg and E. F. Denison in Studies in Income and
M’ x (1947), 66-67, 77"’78; and MoGilbm Mo, lgcg Cito’ PPe. 18 - 90
47

P. A. Samuelson, "Evaluation of Real National Income", Oxford Economic
Paperg, IT (Jamuary, 1950), pp. 22-26.

L8

Economica, May, 1948, pp. 122-24,
49 .

0xford Economic Papers, January, 1950, p. 17.
50

Pigou, Veil of Money, pp. 60-61; and E. R. Walker, From Economic Theory
to Policy (Chicagos University of Chicago Press, 1943), pp. 249, 254.
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and discontinuitles in the data. The validity of such techniques, too often
teken for granted, actuslly depends on the closeness of the results they yield
to those which would have been obtained if they were unnecessary == if complete
data were available. We defer discussion of the algebraic conditions they must
saticfy to accomplish their purpose and consider here some other aspects of index-
number construction and interpretation.
I bility of Reference e |

The change recorded by any comprehensive measure is most intelligible
when it is ascribable to a unique sqt of causes uniformly acting on all components.
Thus, what an index can tell us is best understood when the recognized classes
really are homogeneous through time; when the primary unit for each class refers
to an attribute of dominant and constant significance, or when the relatives
are invariant to a change in units; when all classes indicate the same percentage
change (in which event the choice of formula and weights is immaterial); when
all plausible weighting systems are equivalent., But such uniformities are not
encountered in practice; indeed, as we have already suggested, such uniformities
would imply that rational economic behavior is something far different from what
it is customarily considered to be. Instability is the rule =~ in the statistics
and in the situation to which an index relates -- so that interpretation is no
simple tesk. Thus, there are relevant changes in the tastes, income distribution,
age distribution, and identity of the population; in institutions, technology,
structure of activity, and degree of market imperfection; and in the assortment,
quality, and physical specifications of output and in the quality of factors.
Such changes suggest, among other things, the impossibility of intérpretj.ng a
production measure even as an ordinal comparison with reference to a unique map
of indifference or substitution curves. Ixideod, if a fixed map were assumed while

tastes actually adjusted to changes in technology, it could appear that a



3"

"representative” consumer illogically preferred the less desirable of two combina-~
tions.” L An index cannot be regarded as an indicator of choice unless a constant
criterion is postulated -~ unless the measure itself suggests the behavior of a
plausible though mythical appraiser contemplating both situations with what
Collingwood calls "equal sympathy" .5 2
Quality Changes

0f the changes mentioned here, so-called quality changes in output are
of particular interest. Fallure to take account of these, especially in the
case of manufacturing, presumably leads to distorted measures of quantity. A
strict distinction cannot be made between quality problems and other measurement
difficulties since all ultimately involve the adequacy of classes, units, and
weights., Thus, a radical alteration of the internal structure of a broad product'
class is sometimes regarded as a quality problem. The same is true of a change
in the scope of activities included in an industry definition, a change which
destroys the relevance of the partial weights. There would be more agreement on
an alteration of the properties of a nominmal product or an alteration of the
significance of a primary unit with thtresuél.t. 'that the same quantity no longer
has the same capacity to satisfy the wants of a consumer with fixed tastes.
(The analogous case for capital goods is an alteration of the eventual output
obtainable by use of the "same" quantity of equipment with a given complement
of other factor inputs.) A quality change sometimes requires an alteration of

51 _
The remarks of Carter, Reddaway, and Stone, op, e¢it., pp. 71-72, on
British output comparisons for 1935 and 1946 are very pertinent.

52
R. @. Collingwood, The Idea of Higtory (Londons Oxford University
Press, 1946), p. 327. Other remarks of this historiographer on "progress as
created by historical thinking", pp. 324-27, are also relevant to our
discussion of temporal changes.
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the amount of resources used per unit of the same nominal product due to elabo-
ration or curtajlment of the process. This situation should be d4stinguished
from a change 4in resource productivity for a fixed set of activities and from an
apparent change due to a relocation of activities -- in both cases without affect
ing the want-satisfying power of the product, Such quality and pseudo-quality
problems could theoretically be handled by means of subproduct measures with
classes that could have zero entries.

A commonmplace of the literature on production measurement 4s the asser-
tion that quality changes generally represent "jmprovements", so that the usual
measures have a "downward bias".53 This idea requires closer scrutiny. It may
mean that grossness of classification obscures a shift in assortment of outout
in favor of goods requiring more factor input, or 4n favor of goods more highly
prised by consumers with given tastes. It may, on the other hand, mean a "true"
quality increase (1.e., in a refined product class) from the standpoint of ths
productive process: the actual output of a new model may be lower than that of
the superseded model with given resources. A "trué" jncrease occurs in the
case of capital equipment when a unit of the new model is more effectual than a
unit of its nominally equivalent predecessor. But conceptual difficulties may
arise when attempts are made to identify "true" quality changes in goods made
for consumption., Thms, a postulated consumer with fixed tastes sn the narrow
sense cannot be trusted to compare with "equal sympathy®, from the standpoint of
one perjod, the products made at different times in a dynamic society. Indeed,
if truly smbued with the outlook of an early period, he may prefer the familiar
and regard prospective change as an inconvenience. A consumer with the viewpoint
of the later period may likewise be biased, regarding change as progress simply

53

See Stigler, op, ¢it., pp. 3, 10-13, and the literature cjted 4n
footnote 8.
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because 4t has culminated in the present., There 4s an alternative quality
appraiser whose judgment may be invoked -- a "generalised® consumer equally at
home in all perjods and whose tastes, being fixed 4in the broad sense over time,
are satisfiable by goods of changing specification. Since he accepts new ways
of satisfying his stable categories of wants, he would rule out many of the
qnalitj changes often asserted to have occurred.’4 Without some such oonception
we should probebly bave to abandon attempts to measure changes in the "physical
volume® of the physically changing goods of an advanced industrial society.
Suantitative Intercretation of Indexes

Wo now address ourselves to a most important question: How can the
popular view of an index as a quantitative comparison be rationalized, especially
since such a view 48 not supported by economic considerations? We have already
seen that even the interpretation of indexes as ordinal comparisons 3s per-
missible only under artificially simple conditions, Historical measures cannot
be justified as "economic" comparisons of alternatives from thé standpoint of
fixed tastes or techmology. Output aggregates cannot be interpreted in terms
of ut4lity, unless this notion is depersonalized; and output indexes cannot be
regarded as ratjos of utility "volumes" without further redefinition. The same

To such a consumer, a car of today serves no better the need for
private transportation than d4d the model of yesteryear in its own time, so
the later version does not represent some mystic multiple of the earlier one.
To him, a change 4n a product s$mply keeps it desirable s for his tastes in the
narrow sense correspondingly alter. These remarks, of course, refer to output
measurement from the end-product standpoint, not the process standpoint. If
the purpose were to measure productivity changes in a given set of operations
in automobile manufacture, standardiszation between periods (e.g., on a "sub-
product’ basis) would be desirable.

In mining productivity measurement, there is a commendable practice of
making computations for both ore and recoverable metal - a practice which
recognizes the interest which attaches to measures in terms of processes as
well as end products.
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may be said concerning efforts to interpret/measures in terms of the disutility
experienced by persons in the pérfomance of work or in the use of their
property. Besides, the status of disutility is even more dubious than that of
utility. All this leaves us with but one answer to our questiont An index may
be regarded as indicating the precise evaluation and choice made by a mythical
personage whose relevant behavior is not "ecomomic" in the ordinary sense but is
described by the specific content and structure of the index.

In elaborating our answer, we shall find a few new terms useful., First,
we define a "microtype" as an economic man, an abstractioﬁ whose relevant persona-
lity is described by the familiar equilibrium allocation equations. Next, we
introduce two personages of higher order, single-period and multiperiod
"macrotypes”. The former is a "representative" or generalized individual whose
behavior is considered to characterize that of a collectivity for a single
period. A multiperiod macrotype is of a still higher order; it is conceived as
capable of making a precise comparison of two or .more aggregates according to a
fixed criterion expressed in the weights. Now, in the quantitative interpreta-
tion of an index, we must reject at once the microtype as a personage of
insufficient scope to reflect the collective choice of even one period. Utility
angl disutility, being of the same order, must likewise be rejected; quantifia-~
bility has nothing to do with this conclusion. J. B. Clark's socialization of
utility, as we have already noted, is tantamount to the introduction of a single-
period macrotype whose behavior is gnalogous to that of a microtype. But only
the multiperiod macrotype can make interperiod comparisons of a numerical
character -- and then only because it is the physical model, the personification,
of a formula. In the simple case of a comparison of two output combinations of
n end products, we may imagine this mythical creature to have been delegated the

task of contemplating both with "equal sympathy" and deciding their relative
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magnitudes. The individual product series are deemed adequate, whether or not
quality has remained constant. The two combinations are like vectors with a
cormon origin in a hyperspace of n dimensions. If the vectors are collinear

(in which case all product quantities have changed in the same proportion), then
their relative magnitudes are independent of the choice of macrotype. But ifi they
are not collinear, then the result does depend on the macrotype selected.
Different principles of indifference may be invoked to remder the two vectors
collinear; either may be rotated (simultaneously undergoing a change in lemgth)
while the other remains fixed, or both may be rotateds The index again is given
by the relative lengths of the collinear veciors or of their projections in any
plane; the result varies according to the transformation principle used by the
macrotype. Another mode of behavior, however, is more commonly built into the
macrotype. Instead of collineation of the vectors, the macrotype underlying the
ordinary index is asked to accomplish the scalarization of vectors by means of

a common system of weights. These weights define the fixed viewpoint from which
the macrotype makes a precise appraisal.

The visualization of the physical model underlying measurement has the
virtue of clarifying the degree of kinship to the model describing economic
choice., It also makes evident the conventional nature of numerical indexes. If
all indexes of production or productivity agreed, then there would be no interest
in the ulterior justification of any particular one. But, since there is no
unanimity, the multiperiod macrotype should be a useful fiction.

A Comment on Ultimate Measurement

Once we note that the categories of man's wants have greater stability
through time than the particular product classes satisfying those wants, there
is a temptation to proceed further and ask if all output may not after all be

summed up, in some ultimate sense, in a single, continuous, comprehensive series.
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Is there not a gsummum bonum to which all output contributes, whatever its

specific form? We have already dismissed the subjective, microtypal notion of
utility as unsuited to this purpose. If there is an acceptable notion, it must
refer to an enduring desideratum of "generalized" men, e multiperiod macrotype.
It must be objective, "absolute", and universal -~ applicable to il times,
places, and cultures. It would evidently be the analogue, on tiie "return" side,
of the ultimate labor measure of composite input.

Perheps, the only conceivable measure of ultimate output is a Ruskinian
one =- the net addition of life-years to a (changing) collectivity made
possible by economic activity in its broadest semse (including war).55 This
measure suggests that the extension and perpetuation of life, at least for the
collectivity in question, constitute the supreme objective of activity, and that
a year of life has constent, additive significance. The contribution of various
pursuits (e.g., medical arts) to a life-opportunity sum would be quite different
from the contribution to the usual national product total. A "productivity™
measure based on a life-opportunity numerator and a composite input denominator
expressed in labor would be a most striking indicator of progress. PRut,

needless to add, even Colin Clark would have difficulty estimating the numerator!

55
See J. A. Hobson, Work and Welfare (New Yorks Peter Smith, 1948),
chap. 1, for an attempt to formulate a vital standard of veluation, "organic
welfare", and for a sympathetic estimate of Ruskin's Munera Pulveris.



CHAPTER IIIX
SOME TECHNICAL ASPECTS OF MEASURRMENT

In this chapter, some of the points made in the preceding one are
elaborated, and the foundation is leid for the further discussion of production
and productivity measurement in the chapters which follow. Among the topice
treated here are the interpretation of aggregates and indexes in terms of
secondary units; the effects of differences in classification, units, and
weights; and the nature of defletion.

On Aggregates

The weighted aggregetes of interest here have the form I xy, where the
n positive values of x; may be the weights and the n positive values of y; the
corresponding quantities to be combined ~-- or vice versa. The indexes discussed
in the next section will be composed of similer aggregates. In the chapters which
follow, we shall permit some of the weights to be negative, when we consider
certain net production measures; in such instances, the positive weights are
associated with gross output quantities and the negative weights with quantities
of materials, fuel, etc. to be deducted. Aggregates with only positive weights
are relevent to the construction of indexes of gross output, indexes of net output
based either on gross quantities and partial (e.g., unit value added or unit
labor added) weights or on subproduct quantities, indexees of composite input,
"direct" indexes of unit labor requirements and productivity, etc. The weighis
may refer to the same period as the quantities being combined, as in the Paasche
index, or to some fixed "base" period, as in the Laspeyres index; or to some

other period, combination of periods, or none at all.
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Sscondary Units

Two 14ttle known facts about aggregates have important bearing on the
numerical jnterpretation of indexes. First, even as the distinctive property
of a product or factor class 4s size with respect to a characteristic primary
wit, the weighted aggregate itself is a multiple of an implicit characteristic
secondary or composite unit, Second, the aggregate output and aggregate
input of a period may both be expressed by the same weighted sum, but this sum
represents different multiples of the secondary output unit and of the
secondary 4nput unit.

Consider a weighted aggregate, X x,y,, where the x,4 represent unit
value added or the unit labor requirement in the period t, of the corresponding
iy product quantities, y ;. The dimension of the weighted aggregate is value
added or labor consumed (e.g., man-hours). We define a secondary unit of
output as Zxool, the value added or labor corresponding to an output complex
including one primary unit of each product (i.e., yo4 = 1). Similarly, a
secondary unit of the weighting factor may be defined as Z1l.y,, the value added
or labor quantity corresponding to the hypothetical case in which the output

of each product has unit weight (e.g., one dollar of value added or one man-
hour of labor). If the weighted sum, however, is to represent "itself"
(1.e., value added or man-hours), then we define the composite unit as
£]l.1 s n. Although the weighted aggregate is constant $n its three guises, it
represents different multiples of the three secondary units -- i.e.,

2Xo¥o/ £Xo+1 f SXo¥o/ £1.¥0 £ IXo¥o/ £1.1. These multiples are clearly
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"averages" of the product quantities, the weights, and t;he total value added
or labor consumed -- but all the denominators are of the same dimension as |
the mmerators (e.g., all refer to value added or man-hours), To suggest the
{dentity of dimension, as a consequence of which all the multiples are pure
mmbers (1.e., the units of the numerators and denomimators cancel), we retain
the superfluous "1" in the denominators,

Let us examine the case 4n which the same money aggregate corresponds,
by definition, to total value added and to total factor rewards --

Zv,q, = Zw,f,, where the v,y and the q,4 represent unit value added weights

and the curresponding output quantities in t,, whitle the Woi and f s represent
rewards per unit of factor input and the corresponding factor quantities.

Here, despite the identity of the‘totals, we have two different multiples, since
the secondary output unit d4ffers from the secondary imput unit. That is,
IVoao/ IVl # Ewofo/ Zwyel,

It should be obvious that a change 4n classification of products or
inputs or a change fn primary units alters the number of corresponding
secondary units contained 4n a given weighted aggregate. The reason is that
the numerator and denominator are not symmetrically affected. In the numerator,
a change in a quantity 4s compensated by a change in its weight; but, in the
denominator, only the weight is modified while the primary unit (hence the
secondary unit, too) 4s simply redefined. Symbolically, we have ’

ZxoYo/ IXo+l as the mumber of secondary units contained in the weighted
aggregate at the outset, Changing the primary units from Xo3 Yo X 4ko4, we
must correspondingly alter y.4 to Yo4/kot. Though the weighted aggregate 4s
invarjant to a change 4n primary units, the number of new secondary units 4t
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now represents s Ix,yo/ ZXokol (Z £x,¥o/ ZXge1)e It will be maintained
later in thie chapter that a technically satisfactory aggregative output 4ndex
should have the same product classification in both numerator and denominator.
That 4s, both aggregates should be measured 4n the same smplicit secondary
unit. If this criterion is extended to the case in which some output entries
are zero, we have a ratjonalization of the "free composition" index, which 4s
suggested as an alternative to the chain measure in Chapter IV.
Effect of Change ip Weights

Suppose two different weighting patterns are applied to a given output
complex and that the corresponding aggregates are Ixy and 2 x'y. Under what
circumstances would the number of secondary umits corresponding to one
weighting system exceed, equal, or fall short of the mumber corresponding to
the other weighting system? The two multiples are Yy = Zxy/Ex.l and
Yyt =2x'y /2x'-1. Now, the writer has shown elsewherel that the sign of the

1

T. H, Stegel, "Furtker Notes on the Difference between Index-Number
Formulas", Journal of .the Amerioan Statistical Associatiopn, XXXVI (December,
1941), 519-24, and "Note on a Common Statistical Tnequalfty", ibid., XOOXVITI
(June, 1943), 217-22. Other types of expressions are shown 4n "The
Difference between the Paasche and Laspeyres Index-Number Formulas", ibyd.,
XIXXVY (September, 1941), 343-50. It should be noted that the same methods of

analyzing index-number differences are applicable to d!fferences between
secondary-unit multiples.
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difference Y4+ = Yy is given by the sign of a double sum composed of yC; elements,

n-1 n

1Z=1 iﬂl xixg(x'y/xg = x'y/x )y = ¥5)s 1433
or by the sign of the von Bortkiewicz weighted correlation coefficient
T (x*/x)y" That is, Y, exceeds, equals, or falls short of Y, according as
the xi-weigh'l;ed coefficient of correlation between the ratios of the weights,
x'i/"i’ and the output quantities, y;, is positive, zero, or negative. The
double sum snows that, if the Spearman coefficient of rank correlation between
the x';/x; and the y; is #1, then Yy1 > Yy, necessarily; if -1, then
Yyt < Yy, necessarily., These and other critical expressions may be Qerived by
elementary vector or matrix meﬁmds, involving the genoralizéd Lagrenge identity,
or by straightforward, if tedious, algebra.

Suppose that all the quantities are combined vith weights in one case
and with no (really, equal) weights in another. In terms of secondary unite,
we have Zxy/ 2x.1 for the weighted aggregate and Il.y/ 1.1 =3y/n for the
unweighted aggregate. Now, the former multiple is greater than, equal to, or
less than the latter according as the 6rdinary Pearsonian correlation coefficient,
Txys is positive, zero, or negative. The critical double sum is

n-1l n
gl 35}1 (xg = x)(yg =950y 1 435

which shows that the we:lghted sun must represent a larger multiple when
the ranks of the quantities and the weights are idemtical and a smaller

multiple when the ranks are inverse.



48
On Indexes

In accordance with the introductory remarks to the discussion of
aggregates, wo shall consider in this section ratios of sggregates of the form
Ixy'/ Ixy, where the weights are positive only.

Indexes and Secondary Units

An aggregative inﬁex is teéhnically most satisfactory when the
numerator and denominator are both multiples of the game secondary unit, when
they are both ‘fabsoluto" quantities determined with respect to a common scale.
That is, the sum Zx.l should have meaning with reference to both of the
aggregates being compared. 'I‘he»produc'l". classification, primary uﬁts, and weights
should remain constant between the two periods, even if some of the quantities
are gero in one of these periods. Output and inmput index& are technically
less satisfactory if the product or input composition is permitted to change,
if the two veishted aggregates are deemed comparable simply because they are
expressed in a common denominator like dollars or man-hours. Further cbment will
be made on these matters in the treatment of deflation below and of "free-
composition" aggregative indexes (the "frame" of which remains rigid through
time even though there are some null gquantities) in the next chapter.

It has already been observed that the same aggregate may be regarded as -
a multiple of ditferént secondary units, according to its meaning, and that these
multiples are like “averages", except for dimemsion. It may now be shown that

the mmerator and denominator are replaceable by the products of multiples
corresponding to "averages" of the weights and of the quantities being

combined. Thus, we may write
Ixy Ixy
Ixy' o XeY' . 31y Zxel

Zxy XoY Ixy Zxy
Tley ZIx-l
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Indexes and Deflation
Every aggregative index may be written as the quotient of two others.

Thus, an index of the laspeyres type, Zx,¥,/3Xo¥o, may be rewritten as a
quotient, (Zxo¥1/Zxyy;) / (Ex0¥0/ =x1¥3) = (£x,¥1/ =x0¥0) / (3x371/Z%0¥1).
If the original index is a labor-weighted measure of output, the quotient is the
ratio between the total énployment index and the Paasche unit labor requirement
index. ' If the original index is a price-weighted measure of output, the quotient
is the ratio of the gross value index to the Paasche index of price. If the.
original index were of the Paasche type, the numerator would remain the same,
but the deflator would become a iaspeyros measure.

The Laspeyres output index may also be written as

Z[(xl/xlogl) Y].J /Zx0¥0 = Zxiyy /Z[(xoxlogl) Yo..?:
where Xy,,7 is the Paasche deflator. Similarly, the Paasche output index is
equivalent to

Z [(xyf%1440) 117 /2 %0Y0 = 23371 /Z [ (%X1440) Yol
where X1030 is the Laspeyres deflator. Thus, if the original indexes are
weighted by prices, they may be interpreted as indexes of gross vglue in which
the absolute prices of either *tl or t, are adjusted by a flat percentage to the
level of one of the periods while the relative prices in both periods are
unaffected. The uniform "effect" of a change in "price level" is supposedly
"removed"., If the original indexes are output-weighted measures of change in
unit labor requirements, they may similarly be interpreted as labor input
measures adjusted by a flat percentage to the "constant" output level of either
to or %,;.

Let the formula Zqr'/ Zqr represent a unit labor requirement index with
output weights. Its reciprocal, Eqr/ 2qr', is a productivity index of the type
developed by the W, P, A. National Research Project and preferred by the U, S.
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Bureau of Labor Statistica.z If the unit labor requirement index is of the Paasche
type, the productivity index may be written more apocifica?.lx as quto/ Zqiry.
Now, this ratio may be regarded as an elliptical form. The mmerator may be
considered to represent output in tl’ the secondary unit in this case being
Zler,; and the denominator may be regarded as signifying labor input in t

1
secondary unit being Z1l¢l. We may then imagine that this ratio is divided by

s the

another, which describes output per unit of labor imput in t, and has the value
unity, This divisor must be Zqyr,/ Eqyr, = 1; the secondary unit of its numerator
is also Z1°r,, but that of its demominator is ¥l-l. Introducing this divisor

and rearranging terms, we get (2qyro/ Zqoro)/(Zqiry/sqoro), the ratio of the
laspeyres output index to the labor input index. If we start with the Laspeyres
productivity index, Zqoro/ 2 Ty and interpret it as an ellipticgl form, the
numerator and denominator must refer to t,. Consequently, the ratio of output

to input in 4, must be unity, of the form X qyr,/Zqyry; and, in the original
index, 3 gqyr, must represent t, labor input while b 9Ty signifies t, output.

Thus, we have

TWTo = 1 3f; = 19T / 3%r; - N Zary
90Ty IqoTo Iqry ZqoTo 39Ty ZqoTo

where the numerstor is the Paasche labor-weighted output index and the denomina~
tor is the labor input index.

It is freguently overlooked that indexes derived by deflation ought
ideally to meet the standards applied to indexes which are compt_rbablo directly.
The meesure that is sought must be possible in the first place; and the inter-
mediate indexes used to apéroximate it must be appropriate in form and scope.

If an output index cannot be visualized because product classes sufficiently
2
See Magdoff, Siegel, and Davis, op, cit., I, chap. 13 and W. D. Evans

and I. H, Siegel, "The Meaning of Productivity Indexes", Journal of the
American Statistical Association, XXXVII (March, 1942), 103-11.



51

homogeneous through time cannot be established, themn it camnot be derived by
deflation; whether or not the def;lator is based on a sample of homogeneous
products is irrelM. If the aymbolé in the mmerator and denominator of the
desired index camnot be made to refer to the same product classes, primary units,
and weights, then deflation is to mo avail and yields an output measure with a
different meaning from the one that is sought. Thus, estimates of "real”
national product derived by deflation must remain obscure so long as this concept
cannot be conceived as a "heap" of goods and services in "physical" terms =-- so
long as the output of govermment and the various service industries cannot be
quantified in characteristic primary units, so long as homogeneous product classes
cannot be esta.bliqhed 'through time for all industries, etc. Furthermore, there
is no assurance that satisfactory estimates of met product are obtained when
gross price measures are used as deflators. Finally, attempts like those made
by the Federal Reserve Board to derive oﬁtpu'b indexes for machinery and other
mﬁnfacturing industr:l,ee with heterogeneous end products by the application of
spurious productivity indexes to man-hours indexes can only lead to nebulous
results. If an output index cammot be specified directly, themn its correlative
productivity index canmot be conceived either., Clarity cannot be achieved by
subetituting one vague notion for another, by simply ignoring a problem which
ca.imot be solved, by resort to mere verbal algebra.

There is a universal tendency to mislabel an index derived by deflation
of a value index by a price measure as an output index expressed in "constant
t, dollars”. Apart from the difficulties mentioned above, such a result cannot
be derived unless the deflator is of the Paasche type. But, more likely than not,
the deflator is of the Laspeyres type with base t,, in which case the roéult is
a Paasche index expressed in changing tl dollars; or of the Laspeyres type with
base other than t,, in which case even the Paasche index is not derived; or of
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the chain type, which is itself ambiguous. It is also a mistake to assume that

a mere shift in the time base of a deflator or of the derived index changes the
weight base, whatever the index formula. In the simple case of deflation by an
index with fixed weights of period t, (¢ 7 1, 0), the result A(if the two indexes
are comparable in scope, classification, and unite) is

(£x1¥1/Z%0¥0) / (Ex17¢/S%0¥c) = (Ex177/2x37¢) (ZX0¥e /2 %o¥0)s

which does not meet the circular test and hence does not necessarily reduce to
an internal mean of the quantity relatives, y;;/¥oi.

The Relation between Alternative Indexes '

The algebraic difference between aggregative indexes with altermative
weighting schemes is 2 "classical™ problem which has interested many economists
end statisticians. Although such indexes often are in auﬁ'icient agreement to
meke some observers regard the problem as unimportant, there also are striking
instances of divergence; and, in such instances, there is no comfort in knowing
that a greater degree of consiiienc,e is normal. It may be shown that the
difference between the Paasche and Laspeyres indexes is givem by the sign of
the von Bortkiewicz xpyo-weighted coefficient of correlation between the
relatives x,;/X,3 and y;,/¥,4+ That is, the Pamsche index is greater or less
than the Laspeyres according as this coefficient is positive or negative.
Incidentally, this coefficient also makes it clear that if, Bsay, a Paasche
price-weighted output index exceeds the Laspeyres, then the corresponding
Paasche output-weighted price index must also exceed the corresponding Laspeyres.
The double-sum development, to which reference has already been made, shows that
the Passche index necessarily exceeds the Laspeyres if the Spearman rank |
coefficient of correlation between the two sets of relatives has the value ¢1
and necessarily falls below the Laspeyres if this coefficient has the value -1,

Many other expressions have been derived in the discussion of index-number
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differences. In general, it may be shown that, if one index has x'; weights and

the other has x; weights, then the former exceeds, equals, or falls below the
latter according as rno'(x. /x) (yl /Vo) is positive, zero, or negative.

0f special interest is the relation between the “direct" labor
productivity index -- say, the Paasche measure, Zqr, / Zqyr; ~-- and the usual
sort of approximation to which it corresponds, (Zpoql/tpo%)/ (qurl/z%ro).
Here, the ry; and roy represent unit labor requirements of t, and t,,
respectively, and the Q4 and qo3 refer to the corresponding output quantities,
while the pyy are price weights., We assume, as seldom actuﬁlly happens, that
the output and labor input indexes of the approximation are identical in scope;
and that the direct productivity index also covers the same product classes
(as though unit labor requirements could be meaningfully determined in a
multiproduct establishment)., If the Poj and ro3 were proportional, the
productivity index and its approximation would be equal, but such proportionality
cannot be taken for granted. In general, the approximation may be shown to be
greater than, equal to, or less than the direct Paasche index according as the
weighted correlation coefficient T 40%ot (Po/To) (a o) is positive, zero, or
negative. In some circumstances, the approximation may even fall outside the
range of the individual productivity re]atives.3

Similar remarks may be made about the relationship between the direct
Laspeyres productivity index and an approximation involving a Paasche price-
weighted output index. In this case, the approximation exceeds or falls below

the direct index according as r. is positive or negative.
1l

4ot (py/71)(ay/%)

3 .
An example of externality, referring to cigars and cigarettes
manufacture, is cited by Magdoff, Siegel, and Davis, op. cit., I, 7.
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It is also instructive to write the productivity approximation in the

form of a product of two indexes, one representing the direct productivity
measure and the other showing the shift in the strﬁcture of labor-weighted out-
pute Thus, the approximation involving a Laspeyres output index may be

written as

Z Po , 417
Zq] To . Yo IQYT,
29T Z_Eg . B

ro 2%%

It is also possible to write this approximation as the product of the direct

Laspeyres productivity index and a different index of the shift in structure
of labor-weighted output. If the approximation is based on a Paasche production
index, its relationship to the direct productivity measure is clearly indicated

when it is put in the form

s W 8
29,7, T, ¥a;7,

1
A AN W s
1 I%n

Again, it is possible to write an equivalent expression in which the direct

productivity index is of the Paasche type.



CHAPTER IV
GROSS AND NET PRODUCTION INDEXES AND ADJUSTMENTS FOR
COVERAGE AND CONTINUITY

In the first half of this chapter, we present slgebraic formulations of
gross and net output measures and observe their relationships. We then proceed
to a discussion of techniques intended to overcome difficulties created by the
incompleteness of coverage of quantity statistics and by discontinuities of
product series. Particular attention is directed to the Mills-Fabricant and
similer coverage adjustments, to chain indexes, and to "free composition"

aggregative indexes.

Gross and Net Production Indexes

As in the last chapter, we consider aggregative indexes of the form
Zxy'/ Zxy, but we shall allow these symbols to have a broader meaning. To
facilitate discussion, we shall designate by G the gross production index, the
Laspeyres form of which is Zpoql/ 2poGo, Wwhere the weights, poi, refer to unit
prices and the product quantities, Q3 and Qo4 refer to end products of an
establishment or industry. When some of these product quantities equal zero
in $¢ or tl, we shall call the measure a "free composition" aggregative index.
If we follow the practice of Hicks, Tintner, and other expositors of the economic
theory of production, we may let the expression for G also stand for a net
output measure, N, in which some of the quantities represent consumed materials,
fuel, etc. and have negative weights. Instead of regarding the consumed items
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as "negative products", however, we shall follow Fabrican‘tl_ and write

N = (Zpoqy - ZPoQ3)/( ipo% -2PoQo) for the lLaspeyres form, where the small
letters refer to the quantities and prices of end products and the capitals
V refér to‘consumed ma'ter:f.als, fuel, etc. In this expression, the seme item may
appear both in the form of a3 (or q54) and of Q3 (or Qoy)e ‘T,he upper limit
of the s@ation for products differs from the limit for materials, etc., since
sevara;l materials, etc. enter each product and any one (e.g., coal) may be
common _tp séver§1 products. We shall use the symbo; M to designate the index
of materials, etc. weighted by the corresponding prices, Pli or Pyj+ Another
net product index of interest is baeéd on end products and partial weights.
When it incorporates unit velue added weights, we shall call this measure V3
in its Laspeyres form, it may be written as Xv,q)/Xvoqo. The corresponding
output index with labor weights was comsidered in the last chapter and will
receive further attention in the next, Some remarks will also be made here
on two other net product indexes which are analogous to N and V but are based
on subproducts, rather than end products, and hence tend to reflect the
contribution to outpt;t on & true accrual basis.

Relgtionships between Gross and Net Output Indexes

The algebraic conditions which determine the relative magnitudes of

a gross output index and various types of net measures are of interest since
the former, being easier to compute, is often substituted for the latter,
which are generally preferred. It should also be useful to know that some
formulas yield results which necessarily lie within the range of certain

relatives while other formulas may yield external means of such relatives.

1l
The Output_of Manufacturing Indusiries, chap. 2. In the U. N. report,

Index Numbers of Industrial Production, pp. 21-22, the same formula is
attributed to Geary, who actually presented a variant measure -- and four
years after Fabricant.



57

First, let us consider the relationship between a gross industry index,
G, and the net index, N, for which it is generally substituted. Fabricant has
already observed that these two measures are equal if G and M are equal.z
Geary's algebra suggests that GCN if G >ll.3 It is easy to genmeralize these
findings and say that N exceeds, equals, or falls below G according as G exceeds,
equals, or falls below M,

Rewriting the formulas for N and G, we reath additional conclusions of
interest, If N, G, and M are of Laspeyres form, we find that

N = ($poac® = ZPoloM) / (Epodo = EPolo)
and .

¢ = [ (£poso = TPoRo)N *+ EPoQol/// ( ZPoto = ZPoRo) +ZPolo_7-

The denominator of the second expression, for G, is equal, of course, to
Zroqps but we retain the expanded form because it shows that G may be inter-
preted as a weighted internal mean of N and M -~ provided that net output in
t, exceeds zero (zpoq‘,)!l’oqo), as is usually the case. Hence, inéqualities
other than NRG M are ruled out.

Turning to the new expression given ﬁbove for N, we observe that it
could be external to G and M, or even lie outside the range of the relatives
d73/%4 and Q3/Qoi. Indeed, the expression for N is analogous to that derived
in analytical geometry for the x or y coordinate of an external point dividing
a line segment in a given ratio, ( Epyao = TPo )t EPoQo. It is also identical
with the formula derived in physice for the new center of gravity of a body

of known original mass from which a part of known mass has been éxcised. The

2
id. s PPe 27-29.
3

Loc, cit., p. 257.
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new center (N) often lies outside the line segment comnecting the original

center (G) and the center of the excised part (M), which has "negative mass® 4
Although gross output measures must be used in lieu of net for
individual manufacturing industries, it is possible to restore some "netﬁess';

to industry combinations by the use of partial weights. Let us consider the
difference between a composite of gross industry indexes of the Laspeyres type,
Gj, with corresponding value of product weights, T',4, and a composite with
industry value added weights, Toi. By methods mentioned in Chapter III, it
may be shown that the former lexceeds, equals, or falls below the latter
according as the weighted correlation coefficient, Trpg (T /‘I‘) G? is positive,
zero, or negative. If the ranks of the gross indexes and of the ratios of
gross value to value added in t, correspond perfectly, then the composite
index with gross value weights exceeds the index with net weights., If the
ranks are perfectly inverse, then the composite with gross value weights is
necessarily smaller.

What is the nature of the difference between a net output index for a -
combination of industries based on Nj and the composite measure based on Gj
and value added weights, which has just been discussed? (We use the industry
subscript j simply to prevent confusion in the comments which follow, where the
subscript 1 is reserved for intra-industry output and consumption.) Again

using Laspeyres formulas, we write the difference

2(1poq - 3PoQ) . ZLvow(spoay/ zpos)/
(2002 - 2PoRo) 3(2vo9,) ’

where £ outside parentheses denotes summation over industries and ¥ inside

parentheses denotes summation within an industry. The sign of this difference

obviously depends on the numerators only, since the demominators are both equal

4

On the mentioned mathematical and physfcal analogies, see, for example,
C. Sm+th, An Elementary Treatise on Con*c Sectiong (New York: Maecm+llan & Co.,
1892), pp. 4-5, and E. R, Hedréck and O. D. Kellogg, Applications of the Cal-

culys to Mechanicg (Boston: Ginn & Co., 1909), pp. 35-36.
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by definition, A furtber simplification may be introduced by conversion of
the sums for consumed materials, etc. to a product basis. Thus, we write
1PoQy = Z(SPoQy) and 2PoQy » Z(SPoQy), where the (SPoQy); and (SPoQ,)s are
sums which correspond exactly in scope to the %Gy and Qy? respectively. Since
the v,y may also be rewritten in terms of the p,, and (SP,Qy)3, Wwe conclude
that the sign of the difference depends on

Z[£aq,(p, - %;-?"')_7 -2/24,(p, - : zp°q1_7

ZPo%

2/2 (SPyR,) (G - -—Ql)

SPoQo
Z/3P,Q (G -7 .

Thus, if GJ = ¥y, the two composite measures are equal, as is obvious also fron
the earlier discussion, More generally, the composite based on Nj exceeds
(falls below) the approximation based on the Gj if the Gy exceed (fall below)
the corresponding Mj'

If N and the net output approximation with unit value added weights,
V, could actually be computed for individual industries, significant
divergences would sometimes be observed, For the former is not necessarily
an internal mean of the quantity relatives, qj; / qy4, while V would typically
be an internal mean (since value added weights are seldom predominantly
negative). If we observe that N is factorable into V and some sort of price-
margin index, so that in the Laspeyres case we have

2 qy(p, - —-93 )

N = . v,

it is evident that, even when all the q; / Qo4 equal unity, N and V may still



60

diverge since changes occur in the "coefficients of fabrication® (consumption
of materials, etc. per unit of output) from t, to tl.

What has been said about the relationship between N and V may also
be said about the corresponding subproduct indexes, which we may designate
N' and V', The output quantities of the latter two refer, not to end
products, but to the fairly homogeneous results of component, repetitively
performed, activities, The other symbols must also be reinterpreted so thai
the formulas show the output of each period on an accrual basis. It is
obvious that a subproduct index based on "vertical® components of end products
need not be an internal mean of end-product relatives, whether the formula
N' or V' is used. But V and V' are related through the fact that both lead
to the same net value index when multiplied by corresponding price-margin
indexes; that is, the ratio of Laspeyres (or Paasche) indexes, ViV', equals
the reciprocal of the ratio of the corresponding Paasche (or Laspeyres)
price-margin indexes. A similar identity holds for N:N', Finally, the
ratio N':V' may be analyzed as on the preceding page; the indicated price-
margin index, suitably reinterpreted, is the ratio of two othem corresponding
to V! and N', |
Alternatdive Expressions for Qutput Indexes

A number of variant expressions shed additional 1light on the
character of gross and net output measures, In the het'chapter, it was
noted that aggregative indexes may also be written as weight:d arithmetic or
harmonic means of relatives, and that they may also be interpreted in terms
of deflation. Some other alternative forms will now be cited.

A gross output index may readily be converted to an average of
end-product indexes of the same form, but with partial price weights., Thus,
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if G is a Laspeyres index with price weights, then it is equivalent to

¢ - aGnl'bG'lv... p

a ‘bg’ooo

where Gy, Gy, etc. are Laspeyres indexes of end products with material cost
weights, labor cost weights, etc.; where a, b, etec. repros;mt to'tnl material
costs, tolal wage cosis, etc. in %53 and where a + b ¢ .. =1p,qy, gross out-
put value, If price is broken into but two components, ong‘otwvhieh is unit
value added, then G is an average of V and another onﬁ-prodncf index vith
residual weights. It is instructive to oompare this average with the expression
for G in terms of N and M given earlier in this chapter; "n:!e weighis a and b
associated with N and M are the same as those associated with V and the
companion index of emd products; the substitution of N for V is paralleled

by the substitution of M for the companion end-product :l.n@ea:,‘ 'I:ho internal
weights of which refer %o cost of materials, éte. per uuit of output.

There is an altermative form of the net product index which is of
particular interest on the national level. The net output may be divided into
two perts, one comprising goods (and services) which are "finished" fx?n”nl:tho
standpoint of the economy taken as a unit and the other representing the net
change in invemtory of “"unfinished" items. Thus, we write for the lLaspeyres

form of N

tpoql 'ipoql = gpoql_’ ,fo%]_i) - 2Ple = qu! L4 @oq-l_ - zPoQ!__)_ ’
ol =P  (JPo% * TPo%b) -~ TP  FPo% * (fPod - TPolo)

where the symbol F demotes services rendered consumers and good completed
during the period and U refers to goods in process and not yet available for
consumption at the end of the period. The sum for materials, etc. includes the

initial inventory of uncompleted goods and of materials, etc. plus any intra-
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period acquisitions from outside (e.g., imports) emtering the production
process during the period. In the discussion of welfare, there is a tendency
to regard §p°q1/ §p°q°, which refers to a "heap" of final goods and services,
as an appropriate index_of changes in real income. Sometimes, the inclusion
of capital goods is also assumed, as though these, too, were "finished", In
any case, it must not be concluded that the net inventory change within each of
the compared periods is negligible or constantly proportional to the weighted
"finished" output. Hence, if all other conditions of measurability were ful-
filled, it might still be inappropriate to use an ordinary price deflator in
lieu of the true price-margin index, The Paasche form of the latter, which

would yield the Laspeyres N, is

T/ §P1‘11 ¢ %fflql -IRHQ) | g “IhG
N oy t (2poq) ~EPQ) 7 P9y - Q)

One more variant of N might be mentioned. Like G and V, it, too, may
be written as a weighted average of indexes of the same form as itself but
incorporating partial price weights. In the Laspeyres case, the weights
incorporated in the averaged indexes refer to components of the Poi and Poi’
and the quantities of output and of materials, etc. are as in the original N,
The weightes used in averaging these indexes to form N add up to net output of

t,.
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Coverage Adjustments

A troublesome point in the construction of production measures for
memufecturing industries and industry groups is the unaveilability of quantity
date for the entire area intended to be covered. ne‘reported quantity series
usually relate to established products; the newer or less important ones and
custom, contract, and repair work are represented in the value statiétiea only.
Though the reported quantities usually account for a substantial part of the
gross value of an industry's output, their share in this total fluctuates or
even declines through t:l.me.5 Thus, the established products do not necessarily
constitute a "representative" sample for the purpose of index construction.
Some sort of adjustment seems desirable; and, when none is made, it is implied,
if not assumed, that the measure based on the availeble quantity data and the
analogous index for the omitted products have identical movements.

In adjusting for defective coverage, there ig, of course, no substitute
for knowledge of each case. Any general "across-the-board" adjustment, sound
though i'l; may appear on g priori or probabilistic grounds, will not be
satisfactory for all cases and may occasionally result in further distortion,
rather than correcti'on, of an unadjusted measure. When the adjustment has
little effect, when it could just as well have been omitted, its validity is
not likely to be challenged. But, when it significantly alters the magnitude
or generel course of the original incomplete ind.ex, the adjustment ought, |
perhaps, to reinforce doubts concerning the original meesure rather than engender

confidence in the revised one.

5
The value adjustments actually made for individual industries are

intended to accomplish two purposes =-- the elimination of the output of
characteristic products made elsewhere and the represemtation of unrcported
products made within an industry.
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All conceivable adjustment factors are intended to satisfy this
cauations
Adjusted output index z unadjusted output index x adjustment factor.
Ali other Ysrmulations of the adjustment process, which often seem cumbersome,
reduce tc this self-evident statement. Admissible factors would consequently
seem to be limited to ratios in which the numerators‘refer tn some measure
comprehending the entire industry or industry group in question and in which
the dencminators are restricted to the scope of the unadjusted quantity index.
In the case of an industry, the only generally aveilable factor is the ratio
of the gross value index for the entire industry to the gross value indsx of
the products in the unadjusted measure. In the case of an industry group, a
.similar ratio based on value added, employment, payrolls, or cost of materials,
etc. may be computed. For some industries, it may be possible to use ratios
referring to unweighted output, the consumption of a principal raw material,
machinery hours, etc. But the most widely used adjustment factoers, associated
in this country with the names of F. C. Mills and S. Fabricant and in the
United Kingdom with the name of E. Devons, are based on value or value added,
and these will be discussed here in some detp.il.6
The velue adjustment is completely effectual if the adjusted index
equals the true expanded measure -- that is, if the true index stands in the
same ratio to the unadjusted index as the totzl value index to the covered value
index. The ratio of value indexes, of course, is the adjustment factor. Now,
if the unadjusted index is of the Laspeyres (Paasche) form, then the adjusted
index equals the expanded Laspeyres (Paasche) measure in the event that the

6 :
F. C. Mills, Economic Tendencies in the United States (New Yorks

National Bureau of Economic Research, 1932), pp. 90, 92=93; S. Fabricant, ODe
cite., pp. 362-63; and E. Devons, "Production Trends in the United Kingdom",
The Manchester School, X (January, 1939), 55-61.
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Paasche (Laspeyres) price index for the total area to be covered is the same
as the Paasche (Laspevres) price index for the area actually covered. But is
such agreement between the price indexes of different scope likely to occur?
If therc were no reason to believe that unreported products were economically
different from reported ones, then the assumption of equivalence might readily
be granted. It seems to.be agreed that price series show less dispersion
through time than the corresponding production series., As A, F, Burns noted,
all prices are subject to the influence of common monetary factors, but all
production series are not affected by any "single dominant force ".7 In
explaining his preference for the value adjustment in his 1940 study of
manufacturing output, Fabricant also called attention to the fact that prices
move within a narrower range than production quantities, Eut he also had
some misgivings; he adopted the v;nlue adjustment for his individual industry
indexes because, "in the absence of specific and detailed knowledge", the
underlying assumptions seemed "least objeci'.:lonable".8 More recently, Fabricant
has reiterated his preference for adjusted over unadjusted output indexes, but
he warns those interested in deriving productivity measures that "in any parti-
cular case, we cannot be certain which index is more accurate, nor that the
truth lies between the two".9 When the U, S, Bureau of the Census presented
its 1939-47 measures, it designated the value adjusted Edgeworth indexes as
"official" and buttressed its choice with tests of an admittedly "suggestive

7
Production Trends, pp. 260-61,

8
Op. cit., p. 364.

"0f Productivity Statistics: An- Admonition", Review of Ecopomics and
Statistics, XXXI (November, 1949), 310,
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rather than conclusive" nature 1o ¢
Some industry index makers have been reluctant to accept the value
adjustment as routine. The adjustment was not made in the 1939 W. P. A.
National Research Project study of manufacturing trends though it had been
considered. U. S. Bureau of labor Statistics, revising and extending the
W. P. A, indexes in 1942, also rejected the general value adjustment since

it "may often fail to accomplish ite purpose",il

Neither agency, however, was
satisfied with unadjusted indexes but preferred not to introduce an additional
assumption. In any case, they did use some techmiques which are based on the
same kind of assumption., Indeed, they tolerated the strongest possible form
of the assumption in using price weights in lieu of unavailable but preferred
unit labor requirement weights,

A reserved attitude toward the value adjustment still seems wé.rranted.
The Census tests do not get to the root of the problem, since they all involve
manipulation of quantity series which gre available. After all, the price
characteristics of the unreported products could well differ from those for
available products. Consider, for example, the case of new products, which
are not at first reported explicitly by quantity but which are included in the
total value of output. The value adjustment, in all likelihood, takes improper
account of such products and leads to an understatement; for the prices of
new products tend to fall in relation to the prices of established products,.
80 that the price index of the former would be lower than the price index of

10
The U‘ S. Census nﬁgx’ PPe 2’ 7-9.

11
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the latter over the saae inturvel. Even in the case of new products, as our
example below shows, the unadjusted measure could be more correct than the
adjusted one. Experience suggests that other kinds of unreported products ==~
those in the process of displacement, custom goods, goods made on contract,
parts, etc. =-- may also fail to conform to the price pattern of the standard
goods which tend to be reported. Finally, when sufficiently detailed data
permit the making of more refined value adjustments than usual, alternative
approaches do not always agree; and this fact itself should suggest a cautious
acceptance of the adjustments that can usually be mede. Thus, the adjusted
1947 index for agricultural machinery on the base 1939 was found by the Census
Bureau to be 341, compared to the unadjusted figure of 261, The writer noted
that the opportunity to make a detailed coverage adjustment by type of
product was overlooked; this more refined method gives the result 301.

To illustrate the dangers which} lurk in meking coverage adjustments,
we offer a hypothetical example which is not too far fetched. An industry
makes three products in each of two years, but the prices and quantities are
known for only two of the products. The third product is "new", though made in
both years; its quantities and prices are not reported but the value of its
output is. The price and quantity data for the two established products are

shown below, followed by the unknmown detailed stafistics for the third products

Product E.l & El f_o_
A 2 1l 3 2
B 3 2 2 1
C (new) 1 3 4 1

The unadjusted Laspeyres industiry index, based on the first two products,
equals 7/4. The adjusted lLaspeyres index -- 7T/4 times the ratio of the industry
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value index (16/7) to the value index for the two known products (12/4) --
equals 4/3, which is even less than the unadjusted measure. But the true
Laspeyres index for the three products of the industry is 19/7, more than twice
the adjusted measure! The reason for the understatement of the true result is
that the output of the new product expanded rapidly while its price fell
ebsolutely and in relation to the prices of the other goods. That is, the
price assumption underlying the value adjustment was far from fulfilled. The
ratio of the true index to the unadjusted index is 76/49; but the adjustment
factor, the ratio of the industry value index to the covered value index, is
only 16/21. It should particularly be noted that the adjusted index lies
below all of the quantity relatives, while the true index lies within their
range, Indeed, even if all the quantity relatives were unity, the adjusted
index would still report an output change (a decline) which did not occur,

Thus far, we have assumed that the unadjusted index is of the Laspeyres
or Paasche form., It has generally been overlooked that the value adjustment
involves no simple assumption concerning price indexes of included and excluded
products when the unadjusted measure is, say, of the Edgeworth variety -- the
kind used by Fabricant and preferred by the Census Bureau.. Perhaps, the Edge-
worth can often be assumed with impunity to be close *> sither the Lasveyres
or Paasche formula, since it is a weighted average of these two. t it should
be observed that the adjusted index is not equivalent to the true exnanded
Edgeworth measure even when the Laspeyres price indexes for reported and un-
reported products are equal and the same is true of the two Paasche nrice indexes.
It is also relevant that the deflation of an index of value of output by the
corresponding Edgeworth quantity measure does not yield the “dgeworth price

index, but some other weighted average of Passche and Laspeyres measures.
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Now, a few words about the value added adjustment, which has been
applied to industry groups and to manufacturing as a whole. This technique may
also prove unreliable on occasion. Indeed, the Census Bureau's tests indicate
that "at least some of the groups would be appreciably different from any
figures now published if it were possible to substitute direct physical
measurement for adjustments for the uncovered :lndustri.tss".l}2 It further suggests
that adjustments based on employment, implying equivalent productivity changes
in covered and unrepresented industries, would be more satisfactory. A recent
report by the Statistical Office of the United Nations appears to regard this
sort of adjustment as promising;13 and the Bureau of Labor Statistics proposed
this alternative some years earlier as more consistent with its preference for
labor weights. It may safely be anticipated that some more experience witk
this alternative will reveal that there still is no aubstitgte for data. In
conclusion, we note that Professor Mills used both value added and employment
adjustments with the object of obtaining sounder indexes for manufacturing as
a whole, This conservative practice seems to go as far as is warranted. There
would doubtless be more unanimity concerning value s Value added, and employment
adjustmen?s if the only purpose of the revised industry and industry growp
indexes were the subsequent derivation of a general manufacturing series.
Indeed, when the Bureau of labor Statistics rejected routine adjustments in the
course of its modification of the W. P, A, indexes, it nevertheless accepted
the Fabricant adjusted index for all mamzfactm*ing.u‘

12
Ihe U, S, Censys Index, p. 13.
13
index Numbers of Industrial Production, pp. 31-32,
14

vit Unit T t, p. 1.
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Chain and Free Composition Indexes

In addition to the instgbility of coverage through time, there is the
problem of discontinuity of product series due to changes in classification,
specifications, and variety of goods made and reported. In such circumstances,
it is customary to employ the chain index, which has the authority of Marshall
behind it. Another approach, which is virtually umused and deserves
consideration, is the construction of a "free composition" aggregative index,

a logical extension of the ordinmary "fixed composition™ measure.

In accordance with'the general viewpoint of this study -- that the
conventional aspects of measurement should be recognized and faced ~-- the free
composition index appears preferable to the chain measure. It can be inter=-
preted within the same framework as the fixed composition indexs it is based
on the seme assumptions, and any additional ones that are required (like the
establishment of synthetic prices for products not made in tb) have to be
introduced consciously. The macrotype that underlies it is visualized as choosing
betwveen two output combinations involving the "same" product classes; in one or
both of the compared periods, there may be some null quantities, while the
fixed composition index has positive entries for each product in both compared
periods. The macrotype that underlies the chain index, on the other hand, comes
near to being an "impossible impoesibility" -~ or, at least, one that is not
very bright. Unless the chain index is supposed to be a genus apart (in which
case, we should learn its recondite meaning), the probable purpose of the ritual
of shiiting the time base, the weights, and the product classes, and then
chaining the links is to derive something like the result that might have been
obtained by means of a fixed composition index if the latter were deemed con-
structible, Actually, the logical extension of the fixed composition index

is constructible =-- the free composition index -~ s0 the acrobatics of the
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chain macrotype are superfluous (though they doubtless lead to a differemt result).

Yet the chain index is a staple while there are few examples of a free
composition index. This should not be surprising in view of the general
preference, mentioned in Chapter I, for familiar techniques which are not
clearly understood. When the easy alternative of mechanically deriving an
accepted type of index exists, it would surely be supererogatory to experiment
with measures which are clear enough to be disputed. The method of chaining,
like the method of deflation, thrives on obsourity, for its implicit assumptions
would not go unchallenged if they were evident; and it has had the benefit of

15 jts well

authoritative sponsorship, despite its obvious "pseudocontinuity",
known tendency to "drift", its failure to take full account of a rise due to the
introduction of new products and of a fall due to the disappearance of displaced
products, etc. Perhaps, the mmerous flaws of the Soviet "gross production ”
index" -- which is a crude approximation to a free composition index =~ have

been so readily discerned by Western observers because the measure is not
constructed by the chain method!

We shall now examine the Laspeyres and Paasche free composition
expressions for the case of new products and comsider also their derivation by
deflation. For couvenience, we shall assume that we are dealing with the emtire
(changing) universe rather than with a sample, This assumption, or the
equivalent one that the measures are statistically unbiased, has been made
throughout this study, but special attention must be directed to the develop-
ment of "consistent" index estimates in practice when the product assortment

15
This term 1is used by G. H. Knibbs, "The Nature of an Unequivocal Price-

Index and Quantity-IndexsI", Journal of the American Statistical Association,

XIX (March, 1924), 55, 60. Other critical remarks on chain indexes may be found

in W. I. King, Index Numbers Elucidated (New Yorks Longmans, Green & Co., 1930),
pp. 78-103. Illustrative favorable remarks may be found in A. F. Burns,

Quarterly Journal of Economics, February, 1930, ppe. 257-61, and B. D, Mudgett,
"The Accuracy of Index Numbers", Econometrica, XVIII (July, 1950), 289-90.
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is not the same throughout the interval covered. In the actual construction
of a chain or free composition measure, it is of utmost importance to
distinguish between a product which is new to the universe and one which is
simply new to the index.

The Laspeyres free composition measure for the case in which products
appear in t, which did not exist in t, is (tpoql +Ip'0q'1)/ Ep,qy, where
the acoented letters refer to the new products. That is,Zp' q', =z 0.

If the q' . really did not exist in t¢,, then the p* of 8re hypothetical; we shall

oi
say more about these prices later., The Paasche form is

(Zpyq; +Zp'yq] )/ Ipyqys for 2p';q', = 0. When products disappeer, their
output declining to zero by ty, the mmerators of these two indexes, rather
than the denomina‘boi‘s, are affected. When some products are added wh_ile others
disappear, the numerators and denominators both include zero entries.

The Paasche free composition index shown in the preceding paré.g'raph is
easier to interpret than the lLaspeyres. The former is equivalent to the result
obtained by deflation of the value index, which expands in scope from t, to t,,
by a Laspeyres price index for the products common to both periods. The
Laspeyres free composition production index is expressible as the quotient of
the expanded value index and the Paasche price index for the t; products,
(£pyq; ¢ Zp'1q9'1)/(Zpoa; +%p'oq’y)e Now, this deflator, like the correla-
tive Laspeyres production measure, contains the prices p',;, which did not
actually exist for products which were not made in t,. If it could be assumed
that £p;q;/ Ipoq; = Zp'1a'y/ Ip'ya’y, 88 in the value adjustment discussed
earlier, then the Paasche price index for the products common to both periods
is a suiteble deflator. But this assumption of "in line" price changes is often
economically unsound if ;.he q'14 really refer to new products. For the t,
prices of products not made in t, should be high compared to other t, prices
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as a rule -- indeed, high enough to have precluded production or sale -- while
the t) prices of the new products typically fall in relation to others.l®
Hence, the "true® deflator, however determined, s normally smaller than the one
indjcated by standard products and normally yields a higher quantity index.

For gemuinely new products, the Laspeyres free compositjon index not
only exceeds the cha4n index but may also be higher than the chain 4ndex with
value adjusted links., The free compoasition index records the full effect of a
new product's rise from zero output, while the chasn index does not. As for
the value adjusted chain index, let us assume for simplicity that the first
1link 4s a Laspeyres measure covering the periods to and t;. Let us assume,
furthermore, that new products are introduced 4n ty. Now, value adjustment of
the Laspeyres link leads to

Zrq ‘zp;l_‘f_;/f_ﬁ};_ .
ZPy%, ZPoql

This expression can equal the lLaspeyres free composition index only if

Zplql/ ZPoqy =2p! lq'll 2p'yq’ 1° But, as has been argued, the Paasche price
index for the products common to both perjods normally exceeds the price index
of new products 4introduced 4n t,. Hence, the value adjusted link usually rises
less than the free composition measure,

‘Finally, a few odds and ends. First, the free composition approaéh
1s preferable to “g;lobal“ methods often used 4n international comparisons.
Structural differences 4n the output of the compared economjes should be
explicitly recognized in the product classification, which may well snclude

16

See the pertinent remarks by J. R, Bicks, Ecopomicg, May, 1940, p. 114.
Professor Mills suggests that %o pricea of products 3ntroduceé in {'.% couid in sowe

cases be very low (e.g., byproducts worthless in t, may become salable in tl).
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items not made in one of the countries and synthetic weights. Second, any

principle other than the one suggested here may be used in establishing

weights for nonexistent output of one of the periods or countries compared,

so long as the results are properly interpreted. This is not to say that choice
does not matter; rather, we are forced to make a maximum of sense in the
selection of a valuation standard while we still recognize the conventional
character of the choice. Third, the freé composition approach is applicable, in
conjunction with the subproduct approach, to measurement of output from the
standpoint of process even during an interval characterized by technological
change. Last, the free composition approach is applicable to the completely
discontinuous case in which there is‘reluctance to consider the same nominal
product as comparable froq period to period because of extreme changes in
quality, style, deteils, etc. The produc't "frame" would simply have to be broad
enough to accommodate the producfs characteristic of all the periods of the

comparison; and the number of synthetic weights would be rather large.



CHAPTER V
PRODUCTIVITY INDEXES AND THE PARTITIONING OF INPUT CHANGES

In this chapter, we first discuss productivity measures relating to
composite factor input; then the derivation of mutually consistent indexes
releting to labor productivity (or its reciprocal) and other associated concepts,
like production; and, finally, the decomposition of the absolute change in
fector input into additive components reflecting the "contributions" of

productivity (or its reciprocal) and other identified variebles.

Composite Factor Productivity Indexes

Although the progress made in the measurement of real net output and
composite factor input has been limited, the properties of the implicit net
productivity measures are of theoretical interest. As has already been indicated
in Chapters II and III, such measures are not tautological despite the equiva-
lence in any period of the output and input aggregates expressed in the money
prices of the same period. The remarks which follow are confined to indexes
based on money aggregates. |

1t tive ressio
The lLaspeyres net productivity index for all factors may be written as

Voo 2oy "3RG %I oy - FoY

F  ZPo% -IPo%./ I%To Ivofy

where the w,; refer to remuneration per unit of factor input in ¢, and the fli

and f,4 refer to the corresponding quantities of the verious factor inputs in
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%) and t,, respectively. The Paasche variant reduces to ivlfo/ (Zp,95 - 2PqGo)
Another revealing form of the Laspeyres productivity index may be
derived at once from the expression shown above and the fact that
zplq]. -2P 1Q1 - 2'1’1'
N i']f] ing - ZPIQ_]_

F ~ gwfy/ oq -0
According to this result, which may at first seem surprising, the Laspeyres
productivity index is equivalent to the quotient of two Paasche price indexes,
the mumerator being the factor price index and the demominator being the pet
uct (or the price-margin) index presented in Chapter IV. The Paasche
productivity index may similarly be written as the ratio of Laspeyres indexes
of factor price and net product price. '
Criterion fo e
Under what circumstances does a net productivity index exceed, equal,
or fall short of unity? From an inspection of the Laspeyres formulas
presented above, it is ev:l.denf that productivity remains constent in the special
cese in which all the relatives -- the qy;/dyy, the Q),/Qy4, and the £y,/2, -
are equals
N Zpogy(9)/a,) - TPoQ,(Q)/Q,)
r Twololfy/1,) )

It may be shown that, in gemeral, the net Laspeyres index exceeds, equals, or
falls short of unity according as

2s Lololay/a = /%) * %ofolay/a = £1/20)7 3 ©.

In this expression, the subsums (SPoQ,)i and (Swofy)i correspond to the
qn/qoi and £ extends over the product range (i = 1, 2, ees)e The general
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criterion for the Paasche case is
2510 (%/9; = W/Qy) ¢ %yt (a0/ay - fo/2)) 7% 03
that is, productivity rises, ranaing level, or falls according as this expression
is negative, zero, or positive. "
Another statement of the criterion may rcadily be derived in terms of
G (gross production index), F, and M (materials, etc. consumption index). Thus,

using Laspeyres indexes throughout, we have N/F 2 1 according as

ZwofoF + IPQM
S Iw,f, $3P,Q,

Thus, productivity, as measured by the Laspeyres N, rises or falls according

as G exceeds or falls below this average of factor input and materials, etc.
consumption indexes. A similar expression, with different weights and with the
sense of the inequality reversed, may be derived for the case in which all the
indexes are of the Paasche type.

In Chapter II, it was observed that service output might for some
purposes be measured in units characteristic of input. If such an output
indicator were used in the derivetion of a net productivity index for a larger
group of activities, the criterion for a rise or fall would clearly depend on
the measures for the non-service activities. Since the input and output aggre-
gateé for the service would be equal in each period, they would be eliminated

in the derivation of the criterion.,

Poseibility of Externality

Both the Laspeyres and Paasche net productivity indexes may lie outside
the range of the productivity relatives derived from the qli/qoi and the
corresponding factor relatives. The hypothetical example which follows shows
the possibility that the two indexes may move in one direction while the in-

dividual productivity relatives move in the other.
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Let us assume two products (A and B), each made of the same two kinds

of materials {Q and Q') with the same two kinds of factors (f and f£')s

Product A Product B # Product A Product B
wutitie b h b ¢ Mmy b b
q 3 2 4 3 * P 5 4 3 6

£ 4 2 3 2 * v 1 1 1 3

£ 4 2 5 3 % w' 1 1 1 1

Q 1 2 2 1 P 4 1 1 3

Q! 1 1 1 3 % P! 3 2 2 2

The Laspeyres net productivity index derived from these date is (25/13) / (22/13)=
25/22, while the Paasche index is (16/1)/(16/9) = 9. Though both of these
measures exceed unity, the productivity relatives for A with respect to the
two input factors are 3/4 and 3/4, while the corresponding relatives for B are
8/9 and 4/5. Also notuworthy is the disparity between the two net output
measures in comtrast to the closeness of the two gross output measures, which
must be internal means of the individual production relatives; the Laspeyres
gross index is 18/13 and the Paasche is 27/19. |

The possibility of externality may be removed by the substitution of
a measure of net output with uni_t value added weights -- designated V in
Chapter IV -- for the measure N used above. If we note that unit value added,
Vois is equivalent to (s'ofo):l/qo:l for the same px:oduct, then we may write for
the Laspeyres case

VoI%y /IMofy) _ IVoqy _ 2 (swofo/%)
F %IVo%/ Iwofo Swofy 2 Swofy

= T5/Moty(a/00)/(51/25) T /28wt ,

which is a weighted internal mean of the productivity relatives for each of

factors used in making each of the products. The weights 'Odflj refer to each
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factor used in making a product; the weights (8:,&)1 refer to particular products;

and 2 again refem to all products combined.

labor Productivity Indexes

We now return to the discussion of labor productivity, which was begun
in Chapter III. It has already been noted that the indirect method of estimating
labor productivity change (that is, as the ratio of an output index to a labor
input measure) could yield results which lie outside the range of the individual
productivity relatives. It has also been observed that a directly defined
aggregative productivity index with output weights is necessarily an internal
mean of the relatives; and that such an index implies a correlative production
index with labor weights. In this section, more is said about the derivation
of mutually consistent measures for different entities.
Directly Defined Measures with Production Weights

In recent years, there ha_s been a growth of interest in direct
productivity measurement which should lead to the improvement of aveilable
industry statistics, to the penetration of now uncovered areas, and to fruitful
experimentation with the subproduct approach. Since 1945, the U, S. Bureau of
Labor Statistics has been compiling annual series on unit labor requirements

(back to 1939) for a few mamufacturing industries on the basis of production

and man-hour date reported directly by cooperating esteblishments.® This

gignificant innovetion has already yielded some indexes with technically desireble
features. Since each industry is regarded as a special case, due attention is
given to its techmological and accounting peculiarities in the development of

1

See the description given by G. E. Sadler and A. D. Searle, "Measurement
of Unit Man-Hour Requirements", in U. S. Bureau of Labor Statistics, Technigue
of Preparing Major BLS Statistical Series (Bulletin No. 993, Washington, 1950),
PP. 42-49, ' '
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its report. Thus, information is compiled, as appropriate, on an end-product,
process, or departmental basis. Attempts are made to maintain the same product
specifications for all the ostaﬁliahlents. The assigmment of fixed production
weights to the various fims suppresses the effect of interfirm shifts. The
industry-wide measures for individual products are combined by means of man-
hour weights. Man-hours paid for but not worked are eliminated, and a
distinction is made between "direct" and "indirect" .factory labor. The detail
of the data permits analysis of the relationship between unit labor require-
ments and such variables as size of firm, degree of capacity utilization, method
of production, etc. Information may readily be obtained for interpreting the
observed company trends,

It seems that the motion of direct productivity measurement and the
derivation of correlative production indexes originated in the study of employment
and unemployment problems. At least since the 1880's, when C. D. Wright made
his pioneer statistical inquiries into "labor displacement", there has been
interest in estimates of the volume of employment consistent with alternative
levels of output and productivity., In the 1930's, widespread concern over
"technological unemployment” and related issues provided the occasion for estimates
of employment opportunities by D. Weintraub, B. Stern, F. C. Mills, and others.
The W. P. A. National Research Project, organized during that period for the
specific purpose of studying "reemployment opportunities and recent changes in
industrial techmiques", apparently originated direct preductivity indexes but
concentrated on their approximation by means of correla'ﬁ%-é;é production measures.
The formulas were developed as “answers" to "questiom"'j concerning "1abor

displacement”, such as were asked by H. Jerome in his earlier book on
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mechanization.’ Once the productivity and production formulas were known, it

became evident that they could be written and obtained more simply.

In his book, Professor Jerome, who subsequently continued his investi-
gations at W. P. A. National Research Project, asked two questions which are of
interest to us because of the symbolic statements to which they lead. "How
much less labor", he asked, "did it require to produce current output than
would be required at the productivity rate of the base year?" 1In our mbolt3
of Chapter III, his enswer was q)(r, = ry) for the “displacement®. A second
question, involving a comparison of the employment consistent with base (t,)
output and current (t,) productivity and the actual base employment, led to
the expression 2q4(ry - ro)e Now, Jerome's purpose did not require conversion
of these two answers to relative form, so the simplest derivation of direct
measures of productivity or unit labor requirements and correlative production
measures with labor weights was overlooked. If the first symbolic statement
is referred to current employment, the result is 1 - (tq1r°/£q1r1); the index
is the Paasche productivity measure, If the divisor were base employment, the
result would explicitly include the correlative Laspeyres output index. The
quotient of the second expression and base employment is (Zeory/2q0%0) = 13
the index is the Laspeyres measure of change in unit labor requirements, and
its reciprocal is the hspeyreé productivity measure. ‘ .

Another development is based on a partition of the total employment

2

H. Jerome, ion i (New Yorks National Bureau of

Economic Research, 1934), especially pp. 376-77. See, also, Magdoff, Siegel,
end Davis, op, cit., I, chap. 1.

The writer has added a summation sign to Jerome's expressions to show
addition over a group of products.
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change into componemts representing the "contributions"of output, unit labor
requirements, and "joint" variations in both. These components, which
correspond to terms of a Taylor expansion with zero remainder, resemble Jerome's
expressions and also yield the correlative production, productivity, and unit
labor requirement indexes when reduced to relative form. The actual
components will be shown later in this chapter.

Finally, the mutually consistent .ndexes may be developed formally by
the algebraic implementation of verbel identities.® Thus, we start with the
verbal equations man-hours = production x unit man-hour requirements. Since
the man-hours index may be writtem in only one way in terms of production and
unit man-hour requirements, we have, for a mmber of products, the unique
expression iqlrl/tqoro. Next, we consider all possible indexes of production
and unit man-hour requirements satisfying the identity. There are only two

alternativess

z—qt.lgcz—q—l-r—lnox

2970 x 2970
- y . !—L rl .
T Sqr, ¥

If the first ratio in each of the two equations is to represent a production
index, them x = E£q,ry, necessarily, and y = 2qyTrys necessarily. Substitution
of these values for x and y in the second ratie of each equation yields the
correlative unit man-hour requirement indexes. The geometric mean of the two
possible equations leads to Fisher ":I.&eal" indexes of production and unit man-

hour requirements.

4
The discussion which follows is based in part on I. H. Siegel,
"The Generalized 'Ideal’ Index-Number Formula", journal of the American

Statigtical Apsocigtion, XL (December, 1945), 520-23.



83

Other lMegsures

Many other mutually consistent indexes of productivity (or its
reciprocal) and other entities may be derived by means of verbal identities.
Such directly defined productivity measures and their correlatives are
generally more difficult to implement in practice than the indexes just
discussed; they require date that are as scarce as, or even scarcer than, say,
(allocable) man-hours by product class. Like composite factor productivity
indexes, however, these measures also are of theoretical interest. .

An instructive example is provided by the possibility of representing a
unique payrolls index by two distinct identities, each involving two entitiess
payrolls = production x unit labor cost = man-hours x average hourly wages.
By the method already outlined, conmsistently weighted Laspeyres, Paasche, and
Fisher indexes satisfying these identities may be derived., Now, it is clear
from the identities that an indirect productivity (output pbr man-hour) index
may be derived which is equal to the quotient of the correlative indexes of
hourly wages and labor cost per unit of output. This result is interesting
for two reasons. First, it is the analogue of the result obtained earlier in
this chapter for net productivity, N/F, as a ratio of two price indexes.
Second, the productivity measure turns out, like V/F, to be an internal
average of the individual productivity relatives computed with respect to the
distinctively priced man-hour categories. Using the laspeyres variants, we
have as our productivity measure (twoql/ Iwgg,) ¢ (ioolllteomo), where the wg4
refer to labor cost per unit c;f output, the Boj and ny to man-hours by type,
and the ®0; to the corresponding t, hourly rewards. Now, this productivity
measure may be rewritten at once as the quotient of Paasche indexes of hourly
earnings and unit labor cost, (zelnl/zeonl)-:- (zwlql/zwoql) + Since the two
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expressions for t, payrolls in the original formulation are equal (i.e.,
£woq, = Zeym,), we may also rewrste the ratio of 4ndexes as an 4nternal
average of productivity relatives,
1709, . 29 (Sequo/a,)
Tegmy ZSeonl
2Z8fogmy(ay/a,) / (my/n) ] /ZSesm;

each (s’o‘],)i refers to the t, man-hours valued at %, labor prices, corresponding
to a particular product.

The fact that our indirect productivity index reduces, like V/F, to
an 4internal mean of produotivity relatives suggests a generalisation. The
reduction appears possible if the output aggregates include only the relevant
product quantities and all are positively weighted; and if the input and output
aggregates are of the same scope and dimension, so that they are equal when
the incorporated weights and quantities refer to the same persod.

The method of identities may readily be extended to the derivation of
mutually consistent indexes for three or more mmltiplicatively related
entities, In such instances, a unique aggregative index 48 factored nto
others composed of aggregates of the same dimension. The structure of each
aggregate is analogous to the structure of the identity; that 3s, the data
required for eacﬁ correspond oo:ioeptually to the entities in the cont4inued
index product. Let us consider the third-order verbal identity: payrolls =
output per man-hour x man-hours x un4t labor cost. Here, the unique expressiocn
for the payrolls index 4s inlnlwl/:nomowo, where the W,, and W _, refer to output
per man-hour 4in tl and t,, respectively, and the other symbols refer, as before,
to man-hours and unit labor cost. There are six pbssibla equations
satisfying this identity, two of which are:
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The othgr four equations are obtained as the aggregates comprising the
nmemﬁr and denominator are shifted to different positions. Iﬁ the first
equation, it is necessary that x = ztromlvl if the first ratio is to be a
productivity index; that y = IWgm,w, if the second ratio is to be a man-hours
index. The substitution of these values in the third ratio clearly leads to

a unit labor cost index. By a similar argument, we determine y° :in'omovl

in the second equation. The same reasoning, when also applied to the remaining
four equations not shown, yields a total of four distinct indexes for each
entity. The geometric mean of all six equations yields the true generalization
of the Fisner formula., The indexes so derived for each of the three entities
are internal means of the relatives concerned and satisfy the time reversal and
(generalized) factor reversal tests.

It should be noted that generalized "ideal™ indexes derived for the
same entity from alternative verbal identities of the same order or from identities
of different order are not identical. Furthermore, any of the distinct indexes
derived from one verbalization is not the recipx;ocal of any of the distinct
indexes for the reciprocal emtity derived from an alternative verbalization of
the same order. For example, none of the four productivity indexes derived
from the verbal identity considered in the preceding paragraph is the reciprocal
of any of the four aggregative unit man-hour requirement indexes indicated by
the alternative identity for payrollss payrolls = unit man-hcur requirememts
x production x average hourly wages. On the other hand, an index derived from

one identity may be equivalent to an index for the same entity derived from a
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verbalization of a nigher order. Thus, the Laspeyres index of output with unit
labor cost weights, derived from a second-order identity for payrolls, equals

one of the expressions obtained from the third-order identity. That is,

quroeo/ $4oTo% = W0/ LaoWos 8ince rojeoq = Woie

Partitioning of Input Changes

In empirical studies, attempts are sometimes made to decompose the
absolute or percentage change in aggregate man-hours, value, or value added
between t, and tl into the additive "contributions" of various entities,
including production and productivity (or its reciprocal); or to decompose in
a similar manner the change in average productivity (or its reciprocal) for a
group of products or indusiries. |

Apart from the reservations which may be entertained concerning the
economic significance of such statistical post mortems, the technical adequacy
of the measures frequently used may also be questioneds A common fault of such
partition formulas is the confusion of time bases; all components should
logically be computed from either t, or %;. Another coumon flaw is the
asymmetry of the component measures; the expregsion for each of the designated
contributory variables should be obtainable from the expression for another by
the cyclical substitution of syﬁbols. Furthermore, even symmetrical measures
may not make obvious sense when verbalized; they may not unambiguously express
the distinctive "contributions" of the variables of interest. Another
difficulty, already suggested in the preceding discussion of correlative indexes,
is the inconsistency of measures for a variable and its reciprocal when these
are derived from alternative partition formulas; thus, the effect attributed

in one formula to a productivity change is not the same as that attributed to a
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change 4n unit labor requirements 4n an alternative formula. F4nally, two
kinds of errors are often committed: the introiuction of asymwetry through the
absorption of "residual" terms showing the "joint" effects of s4multaneous
changes in the explicitly recognized variables; and the misintarpretation of
such residuals, when thsy are nci shsorbed, as the c’ontrﬂ,butlions of "all other"
variables not explicitly taken into account in the part+tion formula.

If partition formulas are considered worth using, then it would seem
desirable to restrict choice to symmetrical expressions and to avoid interpre-
tation of joint particles by reference to extraneous variables, The writer
prefers to preserve the meaning of the expressions in terms of the underlying
Taylor expansions and thus would not d4stribute the joint effects -- even 4n
the two-variable case, where the joint term can be distributed symmetrically.
Failure to exhaust the total change when the joint terms are not absorbed or
dsstributed is not a defect but 4s consistent with the essential mathematical
meaning of the partitioning technique.

Iwo-Varigble Cage
To 4llustrate some of the diffjculties mentioned above s We shall consider

the partition of the change in total man-hours between t, and t, 4nto three

1
conponents, one representing the "contribution" of the change in unit labor

requirements, the second referring to the change in output, and the last to

the "joint" change 4n unit labor requirements and output:

Tqry - 2T 3297y - 7o) +#3ro(qy - q5) + E(ry - r)(q - a5).

All of the components are measured from the same time base s Y5, but need not
have the same sign. The second-order "Jo*at" effect need not be negligible

and 4t may differ from one of the other two components 4n sign. Symetry 4s

destroyed and time bases are confused when this effect 48 merged w4th one of

the others. Bes+des, there 4s no reason to prefer one of the asymetrjcal
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partitions over the other since both,
$qr) - 9T, = $9,(ry - 7,) ¢+ Ery(q - q)
H i'h(rl -ry) +3 "'o(ql - %)
are distorted representations. An average of these two has the advantage of
restoring symmetry while removing the "joint" particle, but still implies two
time bases within each component, t, and (to ¢+ tl)/23
Ear) - Lqry = /23(q) ¢ q)(ry - 1)) +1/23(ry ¢ v )(a; - q5).
Thi,é sort of "compromise" is favored by Fabricant and was used earlier by the
Italian mathematical economist, Amomso.s

Although we have chosen to 4llustrate the two-varjable case in terms
of a change 4n total man-hours, there are other relevant applications. Thus,
the change in total value added may be partiﬂoned 4nto components referring
to changes $n unit value added and output, or to changes in value added per
man-hour and 4n mn;-hom. Also of interest 4s the partition of a change 4n
labor-weighted output into the "contributions® of changes in output per man-
hour and in man-hours.

It does not appear possible to express a change in average productivity
or in its reciprocal as the sum of symmetrical components reflecting changes
in output and 4n man-hours measured from the same time base. There are,
however, other partitjon formulas for average productivity and average unit
labor requirements -- and these, curiously, involve the $ndividual
productivity ratjos and the 4nd4vidual unit labor requirement ratios ’
respectively, as variables. One particle in the productivity case shows the
weighted effect of a change 4n the percentage of total labor devoted to each
product; 4n the unit labor requirement case, the weighted effect of the change

5

S, Fabricant, "On the Treatment of Corporate Savings in the Measurs-
ment of the National Income", I (1947), 129-30

and L. Amoroso, Lesioni di Ecopomia Matematica (Bologna: N. Zanichellt, 1921 ’
PP. 41-42,
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in proportion of total output represented by each product. In general symbols,

we have the compromise fomﬂas6

M -My = V2Z/fE/3E + E/EE)(0/E, - 0/E) ]
+ 122 [0,/8; & 0o/K;) (B)/3E) - E/3E,)T]

U -0, = Y2I/[E/0, +E/0)(0,/20) -0,/20,) 7
+ 1/2 £ [lo)/ 20, + 0,/ Z0,)(E,/0; - E,/0,)7
where ) (=20,/ZE)) and T (= £0,/ZE,) refer to average productivity, Uy
(22E,/20;) and U, (2 2E,/E0,) to average unit labor requirements, 0,4 and
Ops to (weighted) output of individual products, and E,y and Egy to labor imput
corresponding to 4nd4vidual products.

The symbols T and U 4n general refer to (weighted, 4f necessary) t) or
to quantities, not Indexes. But, i1f we define the weighted output quantities
in tl a8 015 = Qy4T04 and in t, as Oy4 = 4T017 then the change 4n average
productivity becomes the difference between the Paasche productivity index and
unity; and the change 4n average unit labor requirements becomes the
difference between the Paasche unit labor requirement ipdex and untty. If we
def4ne weighted output quantities in tl as 011 T G)4Fqy and M t, as Oy =
QiTqg> then TPy =TTy and U, - U, become differences betwsen unity and the
corresponding laspeyres indexes. These results involve the fact (moted 4n
Chapter III) that the same weighted aggregate has a double meaning, one for

6

The partition formula used for a change
Barger and H. Landsberg, Americs xiculture 19 PPe 258-59 and 26/4-65,
and by H, Barger and S, H, Schurr, m_!m;.mmm_;w (New York:
National Bureau of Economic Research, 1944), pp. 81-82, is less satisfactory
than the expression shown here for 1f - ’lTo, or the alternative symmetrical
expression in which the joint oompone%t remains isolated. These writers divide
the productivity change into two asymmetrical parts; the first represents the
change recorded within component agricultural activities or mining industries
and the second, improperly computed as a resjdual, 4s said to reveal 4inter-
rggjonal shifts 4n the case of agriculture or interindustry shifts in the case
of mining.

in average productivity by H,

CaAND AR oo L)
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each identif4ed variable., The effect of combining all output 4n labor terms
here is equivalent to reducing an absolute change in average productivity or
unit labor requirements to a percentage change. -

Whether or not labor we4ghts are used in the output aggregates, the:
total ‘change 4n productivity or unit labor requirements may readily be
cast into percentage form. The compromise formulas presented here need merely
be divided by TI, and U,, respectively,’
Higher-Order Partitjons

Partition formulas may readily be extended to three or more variables,
sn which case the number of "joint" particles increases rapidly. Three-
variable cases of 4interest include the decompos4tion of the total change 4n
payrolls into the parts associated with the entities satisfying the alternative
verbalizations considered earlier in this chapter. Another example involves
the partitioning of the change 3n total value added into components _geferring to
value added per man-hour, unit man-hour requirements, and output; or +nt®
components referring to unit value added, man-hour productivity, and man-hours,
In the three-variable case, there seems to be no "compromise" formula involving

three symmetrical additive eomponusx:d'.a.8

7

In ; - (New York: National Bureau
of Economic Research, 1942), pp. 336-37, S, Fabricant uses a compromise
expression for (U, - Uo)/Uo. He assigns Edgeworth price weights to the
output quantities. :

8

Of course, symmetrical logarithmic expressions may be developed,
1l1ke those introduced by J. K. Montgomery, 4
Erice Index (London: P. S. King & Son, 1937). The contribution of each
variable is measured by the total difference raised to a distinctive fractional
power, the sum of the fractional powers being unity.
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Let us consider thq three-varieble case more closely. By straight-
forward algebra, we may decompose the total change &s followss
Zaybiey - Tagboco = Zagbo(ey = co) + Tagco(by = by) + Tbgeo(ay - ag)
"zao(b], - bo)(cl - o) +zb°(c1 - co)(al - ag)

* Tco(ay = ag)(by = by) + Z(ay - ag)(by - bo)(ey = co)e

Altogether, we obtain seven terms, 2ll measured from the same time base, tye
The first three represent the "pure" effects of changes in the three explicit
variables; the remaining four represent "joint" or "impure" effects, and their
share in the total change may be significant. In the two-variable case, it
will be recalled, only one of the three terms in the partition formula was
"joint",

As was suggested earlier in this chapter, the decomposition is equiva-
lent to a Taylor expansion., with zero remainder, about the t, aggregate.
This fact should warn against the confusion of time bases and the illogical
interpretation of the last four terms shown above as the effects of "all other"
variables than a4y by, and cj. Only these explicitly included variables can
have effects attributed to them, in this case secondary and tertiary as well
as primary. The first three terms shown above (the "pure" effects) are
derivable from the first sum, the second three terms from the second sum, and
the seventh term from the third sum in the following Taylor developments

Za bycy - Zagboco = X (Aajh; + ab;B; + aciCi)f;
+ 1/2% Y(sa;A; + abB; + ac;Cy)2e;

t 1/3% 2(AajA; + AbiB; + AciCi)3fi ,

where the f; = agbjcy; theday = a,; - &5, etc.; and the A3, Bj, and Cj
are the partial differential opefatora d/d2a;, 9/0b;, and d/dc; applied to
the fj. Finally, it may be shown, if appropriate substitutions are made in the

partition formula, that the change atiributed to productivity is not the
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same as the change attributed to its reciprocal in the alternative three-
variable partitions of, say, total value added.



CHAPTER VI
SUMMARY AND QUTLOOK
Our purpese is to restate briefly the argumsnt of the preceding
chapters, to recall some of the more significant findings, and to indicate

of the remarks is Chapter I.

Summary

The recent history ef production and praductivity measurement affords
anple evidence that this field has mot escaped the usual difficulties associated
with the quantitative trestment of mental constructs in the social sciencess
Here, too, the rudimentary principles of logic and sciemtific method are
frequently ignored by the trained as well as the untrained as they follow the
farrows of comventicn. The essentisl fact of the mctwal imterdependemce of
date, techuiques, md meening is commonly overlookbds The weltiplisity of
plausible measures of a general term is insufficiently apprecisted, and so is
the relevance of purposs and context of measurement to the selection of a ,
particular index. Proceeding on the assusption that such ideas are nevertheless
inportant, we have inquired imto the fumdsmental aspects of measurement and
meaning of production and productivity, paying particular attention to the
mmm.mmmmmmmm,um
difference between verbal algebrs and the precise comtent of a measure, to the
m-mmm-mmmmmntnuamomm
desirsble property of being internal means of relatives, and to the algebraic
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conditions for one aggregate or index to exceed or fall below another which
may not be available or constructible,

Our inquiry has been restricted to aggregative indexes, which are the
most important type in use and which are also expressible as weighted arithmetic
or harmonic means of relatives., Most of our illustrations refer to £he Las- |
peyres and Paasche formulas, which underlie the "compromise" measures of
Edgeworth and Fisher, The character of an index is determined largely by the
classification principle and the "primary" units selected for the products or
factors concerned and by the criterion used in establishing the external
comparability of these classes. The "same" aggregate revresents different
multiples of characteristic "secondary" units as the breadth of the classes is
altered. Furthermore, the "same™ aggregate comprises different multiples of
the secondary units corresponding to the variables identified in its symbolic
expression and to the continued product of these variables., The relationship
between the secondary multiples contained .’m aggregates with different weights
or between differently weighted indexes may readily be analyzed by means of
the von Bortkiewicz weighted correlation coefficient and other expressions
derivable by elementary vector (or matrix) methods involving the generalized
Lagrenge inequality.

The plural significance of the "same" aggregate is of fundamental
importance for the construction and interpretation of indexes. This fact
provides the rationale of deflation for cases in which the recognized classes
are homogeneous through time. It also provides the basis for regarding various
"direct" productivity indexes as elliptic forms, as measures of output per
unit of input in only gpe period while the productivity ratio for the other
period is ypity. The restoration of the explicit symbols for the latter ratio
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and the rearrangement of terms constitute the inverse of deflation; this inverse
process shows that a direct labor productivity index is the quotient of two
appropriate]y weighted indexes -- e.g., a labor-weighted output index and an
output-weighted index of unit labor cost. In general,_ the plural significance
of an aggregate explains why ratios of aggregative indexes redu§e in some

cases but not in others to aggregative 1ndexas of tha ratios., This fact also
provides the key to the construction of systems of mutual]y consistent indexes
which satisfy verbal identities, are internal means of relatives, are
expressible in terms of their correlative indexes, and lead to the true
generalization of the two-variable "ideal" index. Finally, this fact underlies
the formulas for partitioning a change in, say, total input into the sum of
the pure "contributions" of the explicit variables and higher-order "joint"
effects. .

It is important to know that some methods may lead to measures which
are not internal means of relatives, Thus, a productivity measure computed as
the quotient of a price-weighted gross output index and a labor input index
yields the product of a direct output-weighted productivity measure and an
index showing the shift in the structure of production. The latter factor may
be sufficientiy large to make the result external to the productivity
relatives, even though the direct productivity measure is an internal mean.
Peflation and value adjustment may also lead to externality. Net output
indexes based on reduced aggregates and net productivity measures, too, might

end-product
lie outside the range of/relatives -- though the former would generally
be true averages of net output relatives (like / 9, - SPoQ.l)i/p 0_7
ya Qg - (SPoQo)i/po_7 in the Laspeyres case) and the latter would generally
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be true averages of net productivity relatives (like quotients of the indicated
net output relatives and the corresponding input relatives (Swofy)s/(Swof,),).
Since the gross output index is median to the net output index and the index
of consumption of materials, etc., 1t could be a poor substitute for the net
index, which it 4s often intended to reproaont.l Subproduct jndexes could also
1ie outside the range of end-product relatives, but measures based on end-
product quantities with "net® weights would generally be internal means.

Although subproduct indexes can even more rarely be constructed than
net indexes based on reduced aggregates, the merits of the former should be
better known, They would more faithfully reflect the structure of productive
activity; give a truer account of the formation of net output; permit the
derivation of a hierarchy of consistent output and productivity measures for the
varijous levels of economic organisation; remain invariant under changes in the
degree of integration of the productive prooess; escape d4stortion as the rate
of completion varies; sometimes permit satisfactory measurement even though
heterogeraity precludes establishment of satisfactory enmd-product classes; and
sometimes permit measurement of production and productivity movements over an
interval disturbed by major technology changes.

The "free composition" output index 38 a preferable alternative to the
chain index when new products are introduced or old ones disappear. Indeed,
the chain index would seem, at best, to be interpretable as an approximation
to some sort of free composition index. The latter is the logical extension
of the usual aggregative, or "fixed composition®, index; 4t simply includes
zero entrjes for items not made 4n any of the compared periods and,
when the particular formula requires, 1t also includes corresponding

1
This is demonstrated by V. R. Berlinguette for Canada 4n an unpublished
paper presented at the Harvard Meeting of Econometric Society, September 5, 1950,
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hypothetical weights, Thus, if the weighting factor is price, the kypethetical
nwruammm“whmummmm
mmmum.ummmmam In sn underdeveleped
m,mmammmum,du.m
dmmmmwwwmumawmnnm. But
each choice has its particular meaming, and & lster base requiring fewsr
mmmvumutmmw. The free composition
index would, mere semsitively them the chain index, register the effects of
& change in the compositien of the wniverse of products. While the fermer
mmmmaam.tumwmmhaqm
arbitrary assusptions which mey be even less tensble.

The preduction and productivity indexes used for historical measure=
memt do mot have eny "econcmic® import. They are not intended as comparisons
of alternative epportumitiss confronting a *representative’ decisies-sakar
with a fized substitution map; or as ordinal comparisons of *social states®
muamﬂnwummmaozmumuw
fixed mapss They are intended as "quantitative® comparisons of some ®physical®
staff — despite the customsry imtrusion of pecuniary weights, etce =- and in
no deeper sense could they be ®surrogative®, Thus, a production measure cannot
indicate the relative "volumes® of persomal or "social® utilities, and an
mmcmmmwrmammwawwm
to “efforts and sacrifices®, It is possible, however, to interpret historical
indexss in a peeudo-economic, transoperatienal mamner which should prove
instructive, Thus, any formula msy be regarded as describing the relevant
behavior of a mythical "macrotype", an appraiser capable of comprehending
from a consistant standpoint and of valuing as & mumerical ratio the achieve-
ments of different periods. This demon may embody a valuation system (weights)
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associated with a particular period, but he is culturally attached to none;

and he is not daunted, for exampls, by quality conundrums which have not been
quantitatively resolved and which have apparently not been coansidered important
enough to nreclude a decision to measure in the first place., In the simple
case of gross output measurement, our demon may be considered to have the task
of numerically comparing two vectors referring to n products (there may be

some null quantities). He generally solves this problem by scalarizetion of
the vectors but he could also do so (as the "econonic! theory of indexes would
suggest) by collineation of the vectcrss after transforming either or both
according to some principle of equivalence or indifference.

For historical studies, the notion of independent "cost" is meaningful
even though it is not for value theory. The two aspects of activity may,
then, nroperly be quantified and compared in their characteristic units:
what factors "do" may vroperly be related to what they in some sense "are',
vhen satisfactorily constructed, a labor productivity index indicates the
changing effectiveness with which labor is used in conjunction with other
factors, This idea has probably not teen so widely misunderstood as is often
supposed. The specific productivity of labor -- its marginal productivity,
other factors held constant -- can be determined only if a mathematical
function connecting output to labor and other inputs is established. Since
"man" -- a generalized macrotype grown plausible through famjliarity -- is both
the end and an agent of production, labor productivity measures also have some
significance for the determination of "progress" in the sense of "economic
welfare"., For the same reason, even crude measures of composite input
expressed in labor terms could yield significant long-run productivity
indicators. Unfortunstely, it is impossible to reduce all output to an
"iltimate" quantity of some desideratum of generalized man fo- comparison with

composite input in labor terms.
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Outlook?

ledmn,frqnthcmtmofthqmot'thopautum
years, that only limited advances in production and productivity -w
may be anticipated. Penetrations into areas not now represented by measures
are liksly to be occasional, few, and often tentative, Some further improve-
ment, along conventional lines, may be expected in areas already covered, But
mjor advances are improbable without a shift to the subproduct basis of
compiling and classifying eutput and labor data and such & recrientation of
Federsl and other statistical reporting systems on a grand scale seems very
unlikely. Trus, mational trials like depression and war have in the past
stimilsted interest in production and productivity msasurement, but the present
world crisis, even if protrasted, would probebly add only a few seriss for
Mthmckammmmm-u;tm-_npmmnwm.
There is also the darger, in such a crisis, that token measures and “official*
indexes will be given a privileged status; and that svailable "general-purpose
meagures will be adapted to all sarts of wmarramied uses. After some
disillusionment, there may be a disposition to regard msasurement again as
an art and to add to the stock of dste., The stage will then have been set
for a constructive and apparently feasible tuks't‘ho education of index malers
and users to a higher level of sophisticatiocne

& brief review of the histary of measuremsut makes evident the role of
catastrophe as & stimlant, The apparent "technological unemployment®
owﬂm%eWiﬂlﬂuWuﬁmmﬂtbhb&mebo{

Based in part on two unpublished nhy writer, "Progress and
Problems of Physiocal Production Measurement® and ntwotm
Productivity Neasuremsnt®, mumuowmm the Amsrican
Statistical Association (1950).
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the 1880's provided the background of the first U, S. Labor Commissioner's
monumental studies of "labor displacement" and of the relative effectiveness
of hand and machine labor. In the surge of statistical activity following
World War I, production indexes as we now know them were developed by Stewart,
Persons, Day-Thomas, and the Federal Reserve Board. In the 1920's,
probably the first productivity indexes were developed by the Bureau of Labor
Statistics from data in the Cepsus of Manufactureg, which was transferred from
a quinquennial to a biennial basis after 1919, » These indexes and the Bureau's
cross-section studies of industry productivity were motivated by fears of
a new technological revolution, The improvement of this agency's employment
statistics during the same decade was partly the result of the widespread
concern over the sharp 1921 recession. Renewed anxiety over the relation
between mechanization and work opportunities in the 1930's led to the comprehensive
Bureau of Labor Statistics, Works Progress Administration, and National Bureau
of Economic Research studies of production and productivity trends.

But World War II meant the virtual suspension of measurement for many
industries, as the manufacturing census was discontinued, as the character
of output changed, and as the quality of the Federal Reserve indexes detericra-
ted. On the otherA hand, the War also provided the occasion for the introduction
of the Department of Commerce concept of gross national product and for the
popular use of national "productivity" ratios or indexes for making postwar
employment projections., After the War, the Bureau of Labor Statistics
inaugurated direct productivity reporting (1945), the Census Bureau developed
detailed manufacturing measures for the years 1939 and 1947, and the Department
of Commerce issued more refined estimates of Moutput" for broad economic
sectors, As was noted in Chapter I, the inadequacies of the traditional types
of production and productivity indexes for collective bargaining purposes
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aroused considerable public and behind-the-scenes controversy during and after
the War. As new war clouds gather, it will become evident that available
industry statistics are no better, in view of the demands to be made on thenm,
than the statistics available in 1941, The end-product emphasis of data
compilations for industries converting to war production will lead to chronolo-
gical discontinuities at an early date. Present legtslation calls for a new
manufacturing convass no sooner than 1953 =- and what happened when the Federal
Reserve indexes lost their Census rudder 4s st41l fresh in memory.

Our study points to numerous projects which could be undertaken to
advance production and productivity measurement. la‘ have already nptod that
success would often require improbable excursions into the realm of increasing
costs. The key to substantial further progress, we repeat, is the comptlation
of subproduct data. Availability of such data would permit refinement of
indexes now available; extension of measurement to areas not now covered
(e+g., certain manufacturing industries, construction, trade, finance,
government, and personal and professional servioes); deveiomnt of a
hterarchy of consistent indexes for different levels of aggregation and of
consistent indexes 6!' different periodicity; and the closer study of the
distribution of productivity gains and of the relevance of productivity to wage
payments, Another important advance would result 3f data permitting
construction of net output measures based on reduced aggregates were also
made avajlable. It would also seem worthwhile to test the value adj.uetunt
by specific inquiries jnto the comparative price behavior of products
reported by value only and those reported by both value and quantity, For
example, the movements of prices of complete products and of parts made by
the same manufacturer should be traced through time; and case studtes should
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be undertaken to establish the course of prices of new and standard products
of particular industries., The reliasbility of deflation as a means of deriving
approximations to directly constructed indexes also deserves attention. Some
of the evidence adduced to supnort the value adjustment really applies to this.
question instead. Another inquiry should be directed to the comparability

of the results obtained by means of the free composition, chain, and value-
adjusted chain indexes as the product universe is expanded or contracted,

In addition to the compilation of indexes based on subproduct data,
other productivity projects might be listed. Thus, it is desirable to clarify
further the goncept of factor of production and to continue consideration of
the possibility of significantly quantifying capital and entrepreneurship
for the purpose of composite productivity measurement. The statistical
consequencs of classifying lebor input by skill, ete., would also be of interest.
The relationship between productivity indexes computed directly and those
derived as quotients from output measures with pecuniary weights should be
tested whenever the former are constructible, More historical studies of
individual firms are desirable, and the instrument for such studies is already
available, Perhaps, the Bureau of Labor Statistiics could finally tell us what
happens to productivity, computed both on a subproduct and ond-produot basis,
a8 full-capacity utilisation ie approached in job=lot and line-assembly '
utabliohnontp. The results given by formulas for partitioning total input
ohanges should be examined more closely. How similar are the "scontributions"
measured forward in time und backward; and how similar are the "scontributions"
of reciprocal variables as estimated from alternative partition formulas?
Finally, there has been too little economic analysis of the implications of
the vast store of productivity information already ivcihbh o e ought to
know more, for example, about the role 'of productivity in what Colin Clark
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calls the "morohology of growth" -- about the connection between productivity
and the stagse of development, interindustry correlations, and future levels
achievable in industrial societies.

Last but not least, our agenda must include the improvement of
standards of index makers and users. It is especially regrettable that there
is no indigenous theory of just what "physical" production indexes are supposed
to measure, that the student must turn to the literature of other fields
(like national income accounting and welfare economics) to get;a clue,
Lventually, the ‘ncrease in the sophistication of index makers and users
should lead to a demand for better data and methods., MMore immediate objectives
would be cultivation of a favorable attitude toward technical inquiry
and experimentation -- and of an appreciation of the multiplicity of
operational meanings of the terms "production" and "productivity", even though
alternative choices may not have such dramatic consequences as Shylock's

losing a pound of flesh and Dido's gaining an incredible real estate bargain.



SELECTED REFERENCES

Adamson, R, K., and West, M, E. Eroductivity and Emplovment in Selected
Industries: Beet Suzar. W. P, A, National Research Project Report
No., N-1, Ph#ladelphia: October, 1938.

Allen, R, G, D. "The Economic Theory of Index Numbers", Economicg, XVI
(august, 1949), 197-203.

Barger, H., and Landsberg, H. H. - 3
vity. New York: National Bureau of
Economjc Research, 1942.

; ] m Schm’ s. HQ’ ’ - S
~ Qutpyt, Byplovment and Prodyctivity. New York: National Bureau of
Economic Research, 1944.

Barna, T, "Note on the Productivity of Labour: Its Concept and Measurement",
Bulletin of the Oxford Instttute of Statistics, VIIT (July, 1946), 205-16-

Barton, G, T., and Cooper, M. R. ®"Relation of Agricultural Production to
Inputs®, Review of Economics and Statistics, XXX (May, 1948), 117-28.

Berlinguette, V. R, "Limitations on Measurements of Physjical Production®,
A paper presented at the Harvard Meeting of the Econometric Society,
September 5, 1950.

Black, J. D. Intreduction to Produyction Fcopmomicg. New York: Henry Holt &
Co., 1926,

Burns, A. F, "The Measurement of the Physical Volume of Production",
Suarterly Journal of Ecopowics, XLIV (Februsry, 1930), 242-62,

o Y. s @ e New York:
National Bureau of Eeonomic Runrch, 1934.

Carter, C. F., Reddaway, W. B., and Stone, R, The Meagurement of Productdon
o Department of kpplied Economics Monograph No. 1.
Cambridge, Eng.: Cambridge University Press, 1948,

Copeland, M. A., and Martin, E, M, "The Correction of Wealth and Income
Estimates for Price Changes", Studies in Income and Weglth, II, 85-119,
New York: Ngtional Bureau of Economic Research, 1938,

Davis, H, S. The 1 Study of ic Progrees. Philadelphia:
Unsversity of Pennsylvania Press, 1947,

Pay, E. E., and Thomas, W. Ihe Growth of Mapufactures, 1899 to 1923, Census
Monograph No. 8, Washington: U. S. Government Printing Office, 1928,



105

Evans, W, D. and S:legel, I. He "The Mean:lng of Productivity IndexesV,
QU gn Stgtistical Assocjation, XXXVII (March, 191.2),

New York:

Fabrioant, S. Ihe 3 v :
National Bureau of Economic Research, 1940.

Economic Research, 1942.

. "0f Productivity Statistics: An Admonition", Review of Ecopomics
m&iﬂiﬁ! xa (Nownber, 1949), 309-11. .

Fraser, L. M. London: A. & C. Black, Ltd.,
1937. .
Frickey, E. "Some Aspects of the Problem of Measuring Historical Changes
:’m the Plvs:lcal Volum of Production®, in t
: nor o N apelg, pp. 477-86. New York:

Garfield, l". R. 'leastmunt of Industr:hl Pnodnction since 1939%, Journal
e ’ oR, XXXIX (December, 1944),

Geary, R, C.” #The Coneopt of the th Volm of Oatput with Special Reference
to Ifish Data®, Jourmal o Roval Statist Society, CVII (Pts.
3'49 19“) ) 251.10

Gilbert, M., Jaszi, G., Denison, E. F,, and Schwartz, C. F. "Objectives of
National Income Measurement: A Reply to Professor Kuancts", Beview of
mmm_&mmn XXX (August, 1948), 179-97.

. “W. P, A. htiomlResearch ProjectRoport No. . -
Philadelphia: July, 1939.

Hayek, F. A, vi "Scientism and the Study of Society: II" Economica, X
(February, 1943), 34-63.

Hicks, J. R. "The Valuation of the Social Income", Economica, VII (May,
1940), 105-24. R

. "0n the Valuation of the Social Income -- A Comment on Professor
Kuznets' Reflections”, Ecopomica, XV (August, 1948), 163-72.




106

Hudson, P, G. "The Technical Problems and Limitations to the Construction

of Indexes of Physical Production”, Journal of the Amerjcan Statistjcagl
Association, XXXIV (June, 1939), 239-51.

Keynes, J. M, General Theory of Employment, Interest, gnd loney. New Yark:

Harcourt, Brace & Co., 1936.
Knibbs, G. H. "The Nature of An Unequivocal Price-Index and Quantity-Index: I",

Journal of the American Statdstical Associgtion, XIX (Harch, 1924),
42-& °

Kuznets, S, S. Natjiongl Product jn Wartime. New York: National Bureau of
Econonic Research, 1945.

. Natio ome 3 of F . New York: National Bureau
of Economic Research, 1946.

« "On the Valuation of the Socisl Income -~ Reflections on Professor

Hicks' Article", Economjca, XV (February and lay, 1948), 1-16, 116-31,
o "National Income: A New Version®, Rev 5Co c

Statistics, XXX (August, 1948), 151-79.
Magdoff, H., Siegel, I. H., and Davis, il. B. Production, Emplovment, and
t

A’ u‘ e - ° F‘;. P. A.
National Research Project Report No. S-1, 3 vols. Philadelohia: 1939,

}ills, F. C. E ic Tendene the U teg: : o
and Post-¥ar Changes. New York: National Bureau of Economic Research,

1932,

. "Industrial Productivity and Prices", Journal of the American
Statistical Association, XKXIT (June, 1937}, 247-62.

Pigou, A. C. "Comparisons of Real Income", Economica, X (ifay, 1943), 93-98.

Robbins, L. "Production", in Encyclooedis of the Social Sciences, XII, 462-47.

New York: Macmillan & Co., 193/.

. An Essay on the Signifjcance of Economic_Scjence. 2nd ed, London:

Nlacmillan & CO., 1946.

Rostas, L. Comparative Produyctivity in Brjtish and American Industry,
National Institute of Economic and Social research Occasional raner
No, 13, Cambridge, Eng.: Cambridge University Press, 1943.

Searle, A. D., and Kaplan, C. J. #ajor Sources of Productivity Information.
Processed. iashington: U. 5. Bureau of Labor Statistics, Juwe, 1949.

Sadler, G. E., and Searle, A, D, '"easurement of Unit ian-icur Agguirements®,
in Tee? Pr g sgjor Statistical Series, po. 42-49.

U. S. Bureau of Labor Statistics Bulletin ko. 993, Washinzton: 19,7,



107

Sammelson, Po Ae "Evaluation of Real National Income®, Oxford Economic
Papers, II (Jamuary, 1950), 1-29,

Shaw, We He VH of cmod‘lﬁ Output since 1869, New Yorks National Burean
of Eoo. ¢ Research, Py

m. Ce 8. : of lttionlllnoon o Boston: Houghton
Mifflin Co., ﬁ;o

Siegel, I, He "The Difference between the Paasche and Laspeyres Index-

m Formulas®, of the Amsrican Statistical Association
IXXVI (Septesber, ﬁ% M_————A“}—’.

e "Further Notes on the Difference between Index-Number Formulas®,

gﬁ of the American Statistical Association, XXXVI (December, 19];1),

o "Note on a Common Statistical Inequality®, Journal of the American
al Associat: -XXXVIII (June, 1943), 217=22,

*The Conoept of Productive Activi Jonrml of the American
Rstisticd Association, XXXIX (Jume, 19kik), 21B8-28,

*The Gensraliszed 'Ideal' Index-Number Formmla®, Journal of the
Statistical Associa XL (December, 1916). De0=23e

. e "Progress and Problems of Physical Output Measurement®, A
peper presented at 110th Ammmal Meeting of the American Statistical
Association, December 27, 1950,

e "™ Half Century of American Productivity Measurement®, A paper

presented at 110th Anmmal Meeting of the American statistical
Association, December 28, 1950,

8tigler, Go Jo Trends in Outﬁg and Employment. New York: National Buresu
of Bconomic Rese N °

Thomas, We, and conlﬂ.:ln, Me Re "Measurement of Production", Federsl Reserve
Bulletin, XXVI (September, 1540), 912-23. -

United Nations Statistical Office, % Numbers of Industrial Production.
Studies in Methods No. 1. New York: Se r 15, *




108

—t M?MMM Processed. Washington:
October » 194» .

"St MO E. Yy ¢ g < 3 1C. RNC
*r4le. W. P. A. National Research Froject Report Fo. N-2. Thiladelphia:
February, 1939.




